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DISSERTATION ; ’ DOUBLE INTEGRATION USING CUBIC SPLINES'  
by R.WILLIAMS B .S c .  ,M . R . I , N .
This ,  d i s s e r t a t i o n  a p p l i e s  th e  a p p r o x im a t io n  methods o f  th e  c u b ic  
s p l i n e  and the  b i c u b i c .s p l i n e  to  the  problem o f  i n t e g r a t i o n  in, 
two d im en s io n s .  The d i s s e r t a t i o n  i s  d i v i d e d  in to ,  s i x  s e c t i o n s .  
S e c t i o n  1 i s  the  I n t r o d u c t i o n  and c o n t a in s  background m a t e r i a l  
co n ce rn ing  th e  h i s t o r i c a l  i n t r o d u c t i o n  and t h e o r y  o f  th e  c u b ic  
s p l i n e  t o g e t h e r  w i th  a resumd' o f  what i t  i s  i n t e n d e d  to  a c h ie v e  
i n  the  body o f  the  d i s s e r t a t i o n .
S e c t io n ,  2 c o n t a i n s  a d e s c r i p t i o n  o f  th e  d e r i v a t i o n  o f  th e  t r a d i t ­
i o n a l  a l g o r i t h m  f o r  computing a one d im e n s io n a l  c u b i c  s p l i n e  
a p p r o x im a t io n  to  a f u n c t i o n  f ( x )  and then we i n t e g r a t e  t h i s  c u b ic  
s p l i n e  to  f i n d  an ap p ro x im at io n ;  to  the  i n t e g r a l  o f  f ( x )  .
I n  S e c t i o n  i  we express  th e  i n t e g r a l  o f  a f u n c t i o n  f ( x )  as a 
f u n c t i o n  o f  i t s  upper l i m i t  and th en  f i t  a one d im e n s io n a l  c u b ic  
s p l i n e  t o  t h i s  i n t e g r a l  d i r e c t l y .
In  S e c t i o n  4 we ap p ly  th e  methods o f  Sect ions .  2 and 3 to  e v a l u a t e  
i n t e g r a l  a p p r o x im a t io n s  to  f u n c t i o n s  o f  two v a r i a b l e s .
In  S e c t i o n  5 we f i t  a B i c u b i c  S p l i n e  t o  th e  mesh, v a lu e s  o f  a
f u n c t i o n  o f  two v a r i a b l e s  o v e r  a r e e t a n gu1a r  mesh and i n t e g r a t e  
t h i s  b i c u b i c  s p l i n e  a p p r o x im a t io n  to  g i v e  an a p p ro x im a te  v a l u e  o f
th e  double  i n t e g r a l  o f  th e  f u n c t i o n .
S e c t io n  6 c o n t a in s  th e  c o n c lu s io n s  drawn f r o  th e  p ro ceed in g  
c o m p u ta t io n s .
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1i. INTRODUCTION
r.  1 The m a t h e m a t ic a l  i d e a  which we know as the  cubic,  s p l i n e  i s  
daueloped from th e  d e s i r e  to  c o n s t r u c t  a c u b ic  i n t e r p o l a t i n g  
p o ly n o m ia l  S(x.) to  a f u n c t i o n  f ( x )  over  an i n t e r u a l  [ a , t 0  such 
t h a t  S ( x )  c o i n c i d e s  w i t h  f ( x )  a t  the  p o i n t s  o f  s u b d iv ls lo n t
1 * ^n~^ ( ^  « » » * ^  x ^ ) ,  i s  c o n t i n u o u s ,
w i t h  c o n t in u o u s  f i r s t  and second d e r i v a t i v e s  t h r o u g h o u t  th e  
i n t e r v a l ,  and s a t i s f i e s  c e r t a i n  p r e s c r i b e d  boundary c o n d i t i o n s .
I n  each s u b i n t e r v a l ,  t h e r e f o r e ,  S ( x )  i s  r e p r e s e n t e d  by a d i f f e r e n t  
c u b i c  p o ly n o m ia l  s ^ ( x ) ,  f o r  i = 1 , .  . . ,n , where th e  v a lu e s  o f  s ^ ( x )  
and s ^ ^ ^ (x )  a t  th e  p o i n t  x=x^ , a t  which th e y  a r e  both d e f i n e d ,  
and th e  v a lu e s  o f  t h e i r  f i r s t  and second d e r i v a t i v e s ,  a r e  such 
t h a t  S ( x )  s a t i s f i e s  th e  above i n t e r p o l a t o r y and c o n t i n u i t y
c o n s t r a i n t s .  S ( x )  be longs to  th e  c o n t i n u i t y  c la s s  C ^ [a ,b ^  . The
a l g o r i t h m s  f o r  f i n d i n g  S ( x )  a r e  d e s c r ib e d  i n  S e c t i o n  2 .
The i d e a  was in t r o d u c e d  by Schoenberg^ i n  1946 i n  a paper  
e n t i t l e d  " C o n t r i b u t i o n s  to  th e  problems o f  a p p r o x im a t io n  o f  
e q u i d i s t a n t  d a ta  by A n a l y t i c  F u n c t i o n s " .  The te rm ?» s p l i n e *  may
come from t h e  name g iv e n  to  a 
f l e x i b l e  s t r i p ,  used by d raughtsm en,  
which i s  p inned by -d u c k s '  and t h u s  
c o n s t r a i n e d  to  form t h e  shape o f  a 
curve  pass ing th rough  g iv e n  p o i n t s , .
See f i g u r e  1 .  Such a method would
p r o b a b ly  be used,  f o r  i n s t a n c e ,  to  
F i g u r e  1 .  f i t  the  curve  o f  a s h i p ' s  h u l l  to
i t s  f r a m e s . By th e  p h y s i c a l  n a t u r e  
o f  such a f l e x i b l e  s t r i p  i t  i s  n o t  
d i f f i c u l t  to  im a g in e  t h a t  a curve  
so drawn w i l l  have same c o n t i n u i t y  o f  i t s  d e r i v a t i v e s  and s o ,  
s in c e  t h e  e s s e n t i a l  f e a t u r e s  o f  th e  f u n c t i o n  S ( x )  a r e  th e  
c o n t i n u i t y  o f  i t s  d e r i v a t i v e s ,  th e  term ' s p l i n e ' was p r o b a b ly  
adopted f o r  t h e  f u n c t i o n  as w e l l  from t h i s .
The c u b i c  s p l i n e  i s  not  th e  o n ly  s p l i n e  f u n c t i o n .  O th e r  
p o ly n o m ia l  s p l i n e s ,  a l s o  used i n  th e  problem o f  i n t e r p o l a t i o n ,  
such as q u i n t i c  s p l i n e s ,  have been i n v e s t i g a t e d  and t h e r e  i s  a 
t h e o r y  o f  g e n e r a l i s e d  s p l i n e s .  T h is  th e o r y  i s  w e l l  c overed  i n  
th e  book by A h lb e r g ,  N i l s o n  & W alsh^. B r i e f l y , f o l l o w i n g  a lo ng  
t h e  l i n e s  o f  th e  d e f i n i t i o n  g iv e n  i n  th e  book by p . p r e n t e r x ,  we 
can say t h a t  a s s o c i a t e d  w i t h  any i n t e r v a l  [ x ^ , x ^ ]  , p a r t i t i o n e d
ducks-:
i n t o  a mesh by f i x e d  p o i n t s  x ^ , . , . , x ^   ^ , t h e r e  i s  a space o f  
f u n c t i o n s ,  , b e lo n g in g  to  C ^ [ x ^ , x ^ ]  which reduce  to  a c u b ic  
p o ly n o m ia l  i n  each s u b i n t e r v a l  i = 1 , . . , n  . In
p a r t i c u l a r ,  t h e r e  i s  a un ique  f u n c t i o n  s ( x ) s  s a t i s f y i n g  the  
i n t e r p o l a t i o n  problem
s ' ( x ^ )  =  f ' ( x ^ )  s ' ( x ^ )  = f ' ( x ^ )
s ( x ^ )  = f ( x _ )  i = 0 , . . , n  ................. 1 , 1.1
and t h i s  i s  th e  c u b ic  s p l i n e  a p p r o x im a t io n  to  f ( x )  i n  [x  ,x^J  , 
Cubic s p l i n e s  a r e  t h e r e f o r e  a space o f  f u n c t i o n s , q u i t e  in d e p e n d e n t  
o f  th e  i n t e r p o l a t i o n  p ro b le m ,w h ic h  have an in d e p e n d e n t  t h e o r e t i c a l  
s i g n i f i c a n c e ,
liie can f i n d  a b a s is  f o r  t h e  space o f  those c u b i c  s p l i n e s  
where v a lu e s  f o r  th e  f i r s t  d e r i v a t i v e  a t  th e  boundary of. th e  
i n t e r v a l  a r e  known. These a r e  the  C a r d i n a l  S p l in e s  -  t h e  n+3 
l i n e a r l y  i n d e p e n d e n t  c u b ic  s p l i n e s  which s a t i s f y  th e  i n t e r p o l a t o r  y 
c o n s t r a i n t s
ÿ k ( X j )  =  ^ k j  S ^ ( X j )  =  0 ( j = Q , n )
f o r  k=0 , , , , n
? k ( X j )  =  0 ( j = 0 , . . , n )  =  & k j  ( j = 0 *n )
f o r  k=0 ,n  ,
The c u b i c  s p l i n e  s ( x )  s a t i s f y i n g  th e  c o n d i t i o n s  1 , 1 , 1  can 
t h e r e f o r e  be expressed as a l i n e a r  co m b in a t io n  o f  t h e s e  c a r d i n a l  
s p l i n e s  ;
s ( x )  = ^  ï j ( x )  f ( X j )  +  J ^ ( x )  f  ( x ^ )  + f ' ( x ^ )
j=o
• • , 1 . 1 , 2
In  some a p p l i c a t i o n s  o f  c u b ic  s p l i n e s  1 . 1 , 2  forms t h e  su b stan ce  
o f  an a l g o r i t h m  but  t h e r e  a r e  more econom ica l  a lg o r i t h m s  f o r  th e  
p r o b l e m .o f  i n t e r p o l a t i o n .
The id e a  o f  th e  cu b ic  s p l i n e  can be q u i c k l y  and e a s i l y  
g e n e r a l i s e d  to  th e  p o ly n o m ia l  s p l i n e  th rough  a d e f i n i t i o n  s i m i l a r  
to  t h a t  above g iv e n  f o r  t h e  c u b ic  s p l i n e  ;
In  an i n t e r v a l  p a r t i t i o n e d  i n t o  a mesh by f i x e d  p o i n t s
x ^ , . . * , x ^ _ ^  t h e r e  i s  a space o f  f u n c t i o n s  b e lo n g in g  to  th e
3c lass .  C  ^ which: r.educe t o  a p o ly n o m ia l  o f  degree  m in
each s u b i n t e r v a l  , f o r  i = 1 , , , , n  . These f u n c t i o n s  a r e
th e  p o ly n o m ia l  s p l i n e s  o f  degree  m .
We w i l l  n o t  d is c u s s  th e  a p p l i c a t i o n  o f  g e n e r a l i s e d  s p l i n e s  
to  th e  problem o f  i n t e r p o l a t i o n  and a p p r o x im a t io n ;  we c o n f i n e  c 
o u r s e l v e s ,  i n  t h i s  d i s s e r t a t i o n ; ,  to  th e  a p p l i c a t i o n  o f  th e  c u b ic  
s p l i n e  and i t s  two d im e n s io n a l  c o u n t e r p a r t ,  th e  b i c u b i c  s p l i n e ,  
to  problems o f  i n t e g r a t i o n ,  p a r t i c u l a r l y  i n  two d im e n s io n s .
Boundary c o n d i t i o n s  a re  an i m p o r t a n t  c o n s i d e r a t i o n .  I n  1 * 1.1  
we ta k e  i t  t h a t  f * ( x ^ )  and f ' ( x ^ )  a re  known, b u t ,  i f  t h i s  i s  not  
th e  c a s e ,  then some o t h e r  e q u a t io n s  o f  c o n s t r a i n t  must be c o n s id e r e d  
because th e  a lg o r i t h m s  r e q u i r e  i t .  A common p r a c t i c e ,  when f ’ ( x  ) 
and f ' C x ^ )  a re  not known, i s  to  assume th e  c o n d i t i o n s  S " ( x  ) = 0 , 
S " ( x ^ )  = 0 because,  o u t  o f  a l l  t h e  f u n c t i o n s  i n  C ^ [ a , b ]  which  
i n t e r p o l a t e  to  th e  f u n c t i o n  f ( x )  a t  th e  mesh p o i n t s  a=x , x ^ , . .
• x^=b then S ( x )  m in im ise s  th e  i n t e g r a l
f " ( x ) | ^  dx .
The s p l in e ,  i s  then known as th e  ' N a t u r a l  S p l i n e '  „ There  i s ,  
however ,  a r e d u c t i o n  i n  accuracy  by us ing th e  n a t u r a l  s p l i n e  to  
a p p ro x im a te  to  f ( x ) .  The a ccura cy  can be rescued  somewhat by us ing  
the  L a g ra n g ia n  S p l in e . ,  so c a l l e d ,  i n  t h i s  c a s e ,  because we 
e s t im a t e  f * ( x ^ )  and f ' ( x ^ )  by f i t t i n g  a Lagrange p o ly n o m ia l  to  
th e  f i r s t  t h r e e  or  f o u r  o r d i n a t e s  and l a  e t  t h r e e  or f o u r  o r d i n a t e s  
i n  th e  i n t e r v a l  and d i f f e r e n t i a t i n g  these  a p p r o x i m a t i o n s .  The 
d e t a i l s  a re  shown i n  s e c t i o n  3 .
1 ' 2  I n  s e c t i o n  2 o f  t h i s  d i s s e r t a t i o n  we d e s c r i b e  how to  f i n d  S ( x )  
which ap p ro x im a te s  to  th e  f u n c t i o n  f ( x )  on th e  mesh x < x ^  <
• •  . T h is  mesh need n o t  be a r e g u l a r  mesh even though t h e
r e g u l a r  mesh i s  used i n  th e  exa m ples .  F i r s t  we d e f i n e  S ( x )  by an 
e x p l i c i t  p o ly n o m ia l  form, i n  each s u b i n t e r v a l  [x^ I » ^ i 3  i = 1 , . , n
b u t ,  f o r  purposes o f  c o m p u ta t io n ,  the  more w i d e l y  used a l g o r i t h m  
expres ses  S ( x )  i n  terms o f  'm om ents ' ,  , where M. = S " ( x . )
T h is  'moment* a l g o r i t h m  r e s u l t s  i n  a t r i d i a g o n a l  system o f  l i n e a r  
e q u a t ia n s  which i s  e a s i e r  to  s o lv e  th an  th e  system which r e s u l t s  
when f i n d i n g  th e  c o e f f i c i e n t s  o f  th e  e x p l i c i t  p o ly n o m ia l  e le m e n ts  
o f  s ( x )  even though t h i s  l a t t e r  system i s  a ls o  s p a r s e .  S ( x ) ,  
expressed i n  terms o f  moments, i s  easy to  i n t e g r a t e .  The r e s u l t  
i s  th e  T r a p e z o i d a l  R u le  w i t h  c o r r e c t i o n  terms as i s  shown by 
Dav is  & R a b i n o w i t z ^ .  Some r e s u l t s  o f  us ing t h i s  fo r m u la  a r e  shown
a t  the  end o f  s e c t io n .  2 .
1 .3  I n  s e c t i o n  3. we i n t r o d u c e  a v a r i a t i o n  i n  the  method o f  
computing th e  c u b ic  s p l i n e  a p p r o x im a t io n  in  o rd e r  to  deve lo p  the  
c u b i c  s p l i n e  a p p r o x im a t io n  to  th e  i n t e g r a l  o f  f ( x )  d i r e c t l y .  We 
f i t  th e  c u b ic  s p l i n e  S ( x )  to  the  f u n c t i o n  F ( x ) ,  which i s  th e  
d e f i n i t e  i n t e g r a l  o f  f ( x )  o ver  th e  i n t e r v a l  [ x ^ , x j  so t h a t ,  i f  
s ^ ( x )  i s  t h e  r e p r e s e n t a t i o n  o f  S ( x ) i n  th e  i n t e r v a l  [^x  ^  ^ , x . ]  , 
then
X
j  f ( x )  dx f o r  X ^  j^x  ^ 1 ’ ^ i ]  •
X o
We use th e  known v a lu e s  S (x ^ )  = F ' ( x ^ )  = f ( x  ) f o r  i n t e r p o l a t i o n
a t  th e  mesh p o i n t s ,  and,  as c o n s t r a i n t  c o n d i t i o n s ,  we use the
c o n t i n u i t y  o f  S ( x )  and S " ( x )  .
As b e f o r e ,  we need two f u r t h e r  boundary c o n d i t i o n s  to  a p p ly
th e  a l g o r i t h m s ,  b u t ,  t h i s  t i m e ,  we a t t a c h  an a d d i t i o n a l  im p o r ta n c e
to- t h e  boundary c o n d i t i o n s  because th e y  d e te r m in e  th e  un iqueness
o f  t h e  c u b i c  s p l i n e  s p l i n e  s o l u t i o n ,  to  t h i s  i n t e r p o l a t i o n  p ro b le m .
As i t  happens t h i s ,  uniqueness  problem i s  i m m e d ia t e ly  s o lv e d
because,  by d e f i n i t i o n ,  F ( x  ) =  0 . A f t e r  t h a t  we can, f i n d  a n o t h e r
c o n d i t i o n  to  s u i t  th e  a l g o r i t h m  i n  use .  F in d in g  s ( x )  i n  e x p l i c i t
p o ly n o m ia l  form w i l l  r e q u i r e  a boundary c o n d i t i o n  a t  x=x b u t
n
i f  we f i n d  S ( x )  i n  te rms o f  moments th en  a f u r t h e r  c o n d i t i o n  a t  
x=Xg i s  re q u r e d  and t h i s  i s  found us ing e i t h e r  th e  N a t u r a l  or  
L a g ra n g ia n  s p l i n e s  as i n  s e c t i o n  2 .
Some r e s u l t s  found by us ing t h i s  method a re  shown a t  th e  end 
o f  s e c t i o n  3 .
1 . 4  S e c t i c n  4 d e a ls  w i t h  t h e  a p p l i c a t i o n  o f  t h e s e  one d im e n s io n a l  
c u b i c  s p l i n e s  to  th e  problem o f  i n t e g r a t i o n  i n  two d im e n s io n s .
Both methods a r e  e f f i c i e n t  but  t h e r e  i s  a n o t i c e a b l e  r e d u c t i o n  i n  
computing t im e  using th e  ' d i r e c t '  method o f  s e c t i o n  3 .  T h i s  remark  
a p p l i e s  e q u a l l y  w e l l ,  i n  f a c t ,  f o r  th e  a p p l i c a t i o n s  o f  t h e  two . 
methods to  one d im e n s io n a l  i n t e g r a l s .
1*5: I n  s e c t i o n  5 we s tudy  t h e  a p p l i c a t i o n  o f  th e  b i c u b i c  s p l in e ;  
to  th e  r e c t a n g u l a r  r e g io n  R where we a p p ro x im a te  to  the  f u n c t io n ;  
f ( x , y )  o f  two v a r i a b l e s .  There  a re  two p a r t i c u l a r  papers  which  
r e f e r  to  th e  a p p l i c a t i o n  o f  t h e  b i c u b i c  s p l i n e  to  th e  problem o f  
i n t e r p o l a t i o n  and a p p r o x im a t io n ;  those by B i r k h o f f  & G ara b e d ian ^  
and C a r l  de Boor^.  These, papers  a r e  th e  b a s is  o f  th e  work h e r e .
I n  a mesh r e c t a n g l e  r^ ^  of. the  reg ion .  R,  the  b i c u b i c  s p l i n e  can 
be expressed in  an expanded form
3 3
 ^ I I —n \i —o
or i n  a product  form
( x , y )  = ( ) (  ) 1 - 5 . 2
u=o v=o
Each form len d s  i t s e l f  to  d i f f e r e n t  a lg o r i t h m s  but  i n  t h i s  
d i s s e r t a t i o n :  we r e s t r i c t  o u r s e l v e s  to  a com puta t ion  a l g o r i t h m  
basecL on the  expanded form ,  1 . 5 . 1 ,  o f  the  b i c u b i c  s p l i n e *
We a p p ly  the  a l g o r i t h m  as s e t  o u t  i n  th e  p ap er  by C a r l  de Boor,  
and compute the  v a lu e s  o f  the  f i r s t  p a r t i a l  and second mixed  
p a r t i a l  d e r i v a t i v e s  a t  the  corners ,  o f  th e  mesh r e c t a n g l e s  o f  R 
from one d im e n s io n a l  c u b i c  s p l i n e s  f i t t e d  to th e  f u n c t i o n  v a l u e s ,  
or th e  computed f i r s t  d e r i v a t i v e  v a l u e s ,  as th e  c a s a  may be,  
a long  th e  mesh l i n e s  i n  each d i r e c t i o n .  The e x p l i c i t  b i c u b i c  
p o ly n o m ia l  c o e f f i c i e n t s ,  (c^  ^ * can then be. computed i n  each
mesh r e c t a n g l e  and the  b i c u b i c  p o ly n o m ia l  can be i n t e g r a t e d ,  a 
sum being taken  o v e r  a l l  th e  mesh r e c t a n g l e s  i n  th e  r e g i o n  R .
1 .6  The com puta t ions  a r e  a l l  per formed on a TRS 80 m icrocom puter  
which works to  s i x  s i g n i f i c a n t  f i g u r e s  in  s i n g l e  p r e c i s i o n  
a r i t h m e t i c  and to  tw e lv e  in  double  p r e c i s i o n .  We have o n ly  made 
use o f  th e  s i n g l e  p r e c i s i o n  f e a t u r e .  In  some o f  the  examples ,  
t h e r e f o r e ,  i t  i s  p o s s i b l e  t h a t  the  t r u n c a t i o n  e r r o r  i s  ' b l u r r e d *  
by round o f f  e r r o r *
2 .  THE CUBIC SPLINE APPROXIMATION TO THE FUNCTION f ( x )
2 .1  R e p r é s e n t a t i o n  o f  th e  C ub ic  S p l in e ,  i n  e x p l i c i t  p o ly n o m ia l  form
C ons ider  a f u n c t i o n  f ( x )  £ C ^  d e f i n e d  on th e  i n t e r v a l  (x , x  1 .
 ^ o n —^
The i n t e r v a l  i s  s u b d iv id e d  by p o i n t s  x ^ , x ^ , . . . ,  x^  ^ . Ue can
a p p ro x im a te  to  f ( x )  us ing a c u b ic  s p l i n e  a p p r o x im a t io n  S ( x )  which
i s  d e f i n e d  i n  th e  f o l l o w i n g  manner.  S ( x )  i s  c o n t in u o u s  and has
co n t in u o u s  f i r s t  and second d e r i v a t i v e s  th ro u g h o u t  fx . x  1 . At
o ’ nJ
each p o i n t  x f o r  i = 0 , . * , n  ;r.
S ( x ^ )  = f ( x ^ )
and,  a t  th e  boundary p o i n t s  x=x and x=x_ , we haven
and
S ' ( x J  =  f ' ( x j  
S ' C x J  = f ( x j
n-1
* 1+1
F i g u r e  2 .
‘n-1
I n  each s u b i n t e r v a l  [ x , x^]  f o r  i = 1 , . * ,n , S ( x )  re d u ces  t o  th e
c u b ic  p o ly n o m ia l  s ^ ( x )  and so S ( x )  i s  a p ie c e w is e  c o n t in u o u s
c u b i c  p o ly n o m ia l  t h r o u g h o u t  th e  i n t e r v a l  fx , x 1 .
L o pj J
W& can, i l l u s t r a t e  t h e  e x i s t e n c e  o f  S ( x )  i n  i t s  e x p l i c i t  p o l y n o m i a l  
form by th e  f o l l o w i n g  a l g o r i t h m ;
A t  each p o i n t  x=x^ f o r  i = 1 , *  * , n—1 , we h a v e , s in c e  S ( x )  i s  
c o n t in u o u s .
and
S i ( X i )  =  f ( x . )  
® i + r h i )  =
2 .1.1
and,  s in c e  S * ( x )  and S " ( x )  a re  a ls o  c o n t in u o u s ,  by d e f i n i t i o n ,  then
and s?(x^) = S i+ iC X i)
On the.  boundary ,  assuming f * ( x )  i s  known.
2.1 .2
= f ( X o )
s ^ ( x ^ )  = f ' ( x ^ ) 2 . 1 . 3  a
  2 . , . 3  »
.  f ( « „ )
I f  we e x p r e s s  th e  s . ( x )  i n  e x p l i c i t  p o ly n o m ia l  form
3 2S ^ (x )  = a^x + b^x + c . x  +
then  t h e  s e t s  o f  c o n d i t i o n s  2 . 1 * 1 , 2 . 1 * 2 , and 2 . 1 *5  p r o v id e  a 
system o f  4n l i n e a r  e q u a t io n s  from which to  compute t h e  4 n  
c o e f f i c i e n t s  ( a ^ , b ^ , c ^ , d ^ )  . I t  i s  then an easy ta s k  to  compute 
th e  i n t e g r a l  ap p ro x im at io n i  to  f ( x )  using S ( x )  . We f i n d
f (x . )  dx r w  S ( x )  = Ÿ  f  ^  s ( x )  dx .
\  ^o i =1 * i _1
2 . 2  R e p r e s e n t a t io n :  o f  th e  C u b ic  S p l i n e  i n  te rms o f  'Moments* .
The e x p l i c i t  r e p r e s e n t a t i o n  o f  S ( x )  i n  te rms o f  th e  s ^ ( x )  i s  not
e f f i c i e n t  f o r  c p m p u ta t io n .  A w i d e l y  used method e xpres ses  S ( x )  i n
terms o f  'M o m e n ts ' ,  M^, which a r e  th e  v a lu e s  o f  S " ( x )  a t  th e  mesh
p o i n t s  x=x , i = 0 , . . * , n  . T h is  method i s  d e s c r ib e d  by A h lb e r g ,
2N i l s o n  & Walsh . We beg in  by e x p re s s in g  S " ( x )  as a l i n e a r  f u n c t i o n
i n  each s u b i n t e r v a l  fx.  , x . l  ;2.— 1 1-1
M. M. .
S” ( x )  = —  ( x - x ^ _ ^ )  + ( X j , - x )  . . . . * *  2 . 2 . 1
where h .=* x x .  . .1 1 1-1
I f  we i n t e g r a t e  e q u a t io n  2 . 2 . 1  t w i c e  and e v a l u a t e  t h e  c o n s t a n t s  o f  
i n t e g r a t i o n  by c o l l o c a t i o n  a t  th e  end p o i n t s  o f  th e  s u b i n t e r v a l s ,  
( i . e .  by making use o f  th e  c o n d i t i o n s  S ( x . )  = f ( x . )  and 
S ( x . _ p  -  f ( X i _ p  ) t h e n ,  i n  [ x j ^ _ ^ , x J  :
2M.. 1 M 7 r  . h :  -1
( ^ i - )  + 6^  ( x - i _ i ) '  + h _ i  -1 1
f l . h ^ - ,  C x - x . _ p
( x . - x )
t i - 6
and,  by d i f f e r e n t i a t i n g  2 . 2 .2  , we f i n d  
M, , M.
h . 1
2.2 .2
C i  -+ ^ / x _ x . _ p ^  . h.
C j  ~ " i - l )  h,  . . . .  2 . 2 . 3
where f . = f ( x . ) , ^1 1
S in e s  S ' ( x )  i s  c o n t in u o u s ,  t h e n ,  a t  i n t e r n a l  mesh p o i n t s  x=x.  ,
i = 1 , . . , n - 1 , we can use th e  e q u a l i t y  o f  l e f t  and r i g h t  hand
d e r i v a t i v e s  ;
and
1 + 1
which g i v e s
Z Z i Z L  + ( Z - - _ - i ± 1 ) M, + *^ 1+1 ^ i +1
6 3 , ■ '6
_ (.li+uZi) _ (lLiIi=i)
h i +1 h i
f o r  i ^ l , * . * , n —1 #
I n  o r d e r  to  p r o v id e  a s e t  o f  n+1 l i n e a r  e q u a t ia n s  from which to
compute th e  n+1 moments ,PK , we r e q u i r e ,  two more e q u a t i o n s .  The
l a s t  two e q u a t io n s  we f i n d  from th e  boundary c o n d i t i o n s .
I f  f *  and f *  a r e  known then  o n
üa h.] + Zi d., = 1i_ZL_L° - f-
3 6
m M f  _ f
and n-1  h +  n h =  f  ' -  n n-1
6 " 3  ^ hni
To compute an a p p r o x im a t io n  to  t h e  i n t e g r a l  o f  f ( x )  over  the
i n t e r v a l  x , x  1 th en  L o ’ nJ
I  f ( x )  dx r \J  /  , I  S ( x )  dx 
^ * 0  ' * 1-1  :
where. S ( x )  i s  expressed by 2 . 2 . 2  f o r  each i  .
' ■ 4As i s  shown by D av is  and R a b i n o w i t z  , t h i s  i s  found to  be
J x_, n M .  .  +  M .  _
f ( x )  dx i _ i  + f i ) h i  -  ^  (-  ) h i
i=1  i= 1
• ••: . . * *  2 . 2 . 4
which i s  th e  T r a p e z o i d a l  R u le  w i t h  c o r r e c t i o n  t e r m s .
2 ,3  Computer Programme.
The f o l l o w i n g  computer programme i s  w r i t t e n  i n  BASIC to  e v a l u a t e  the  
i n t e g r a l
f " ' - '
dx
using th e  method o f  t h i s  s e c t i o n .
10 INPUT N,XO,XN;DIM A (N , 2 ) , B( N) , X (N ) , F ( N ) , M(N)
X(l) is-  x \  , F ( , I )  i s  f ( x ^ )  . A, 8 and M form the  l i n e a r  system AM=B
15 X (0 )= X 0 : X ( N )= X N
20 H = ( X ( N ) - X ( 0 ) ) / N : F O R  1=0 TO N; X ( I ) = X ( 0 ) + I * H ; X I = X ( I )
30. GO SUB 5 0 0 : F ( I ) = F X : N E X T  I  î A(0 ,1 )=H/3.; A(0  , 2 ) = h / 5  
40 A( N, 0 ) = H / 5 j  a ( N, 1 ) = H / 5 ; X I = X ( O ) ;  GO SUB 500 
50 8 (0  ) = (  F(  1 ) - F (0  ) ) / H-FD; X I=X (N  ) ; G0SUB6O0.
50 a ( N ) = F D - ( F ( N ) - F ( N - 1 ) ) / H : F 0R 1=1 TO N-1  
70 A ( I , 0 ) = H / 5 ; A ( I , 1 ) = C 2 * H ) / 3 ; : A ( I , 2 ) = h / 5  
80 B ( l ) = ( F ( l + 1 ) - 2 * F ( l ) + F ( l - 1 ) ) / H : N E m  I  
90 FOR. I=1T0  N ; A ( I , 1 ) = A ( I , 1 ) - A ( I - 1 , 2 ) * A ( I , 0 ) / a ( I - 1 , 1 )
100- B ( I ) = B ( I ) - B ( I - 1 ) * A ( I , 0 : ) / a ( I - 1 , 1 ) : A ( I , 0 ) = 0 ; N E X T  I  
1 i a  M ( N ) = B ( N ) / a ( N ,1 ) ; K = N - 1 : F 0 R  I=K TO O STEP-1 
120 M ( I ) = ( , B ( I ) - A ( I , . 2 ) * m C I + 1 ) ) / a ( I , 1 ) ; N E X T  I  
130 FOR 1=1 TO N
140, S=S+( F ( I  ) +F ( I - 1  ) ) * H / 2 - (M ( I  ) +M ( 1 -1  ) ) * (  H 3 ) / 2 4
150 NEXT I ; PRINT S;END 
500 FX ( F u n c t i o n  f ( x ) )
500 FD ( D e r i v a t i v e  f ' ( x ) )
2 , 4  N u m e r ic a l  Examples.
F u n c t io n i n t e r v a l
mesh
s i z e
n u m e r ic a l
r e s u l t s
t r u e
v a lu e e r r o r
s i n  x 
cos X 
ta n  X 
1 / x
L.------------------  -  .
[ o , tt ]
[ o » t l  Z
[ p
P . 2 ]
T n /2 0  
Tj/20  
Tiy 20 
0 .1
2 .0 0 0 0 0 0
0 .0 0 0 0 0 3
0 .3 4 6 5 5 2
0.593.145
2 .0 0 0 0 0 0
O.OOOOOOi
0 .3 4 6 5 7 4
0 .5 9 3 1 4 7
0 .0 0 0 0 0 0
0 .0 0 0 0 0 3
0 .0 0 0 0 1 2
0 .0 0 0 0 0 1
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2 . 5  E r r o r  bounds 
I n  2 . 2  wa found t h a t
^n n M + M. _
s ( x )  dx = f , ) h / -  y (
*0  i =1 f e l
where S ( x )  i s  the  c u b ic  s p l i n e  a p p r o x im a t io n  to  f ( x )  on j x^ , x  
and e x a c t  d e r i v a t i v e :  boundary c o n d i t i o n s  are. assumed known.
On a r e g u l a r  mesh where the  mesh l e n g t h  i s  a c o n s t a n t  h ,  t h i s  
becomes Ç s( «)  -  - -  g
O 1 = 1 1=:1
• <c.5.1
We a ls o  know t h a t
.X
t   ^ S " ( X )  
^ x o
dx = S » (x  ) -  S ’ (x  ) n '  ^ o '
and,  s in c e  S " ( x )  i s  a p ie c e w is e  l i n e a r  f u n c t i o n  o f  x on ,
i t  i s  i n t e g r a t e d  e x a c t l y  by th e  T r a p e z o i d a l  R u l e ,  hence
j x nS " ( x )  dx = h M . )  = S ' ( x ^ )  -  S ' ( x ^ )  .
i =1
Given t h a t  S ' ( x ^ )  = f ' ( x ^ )  and S ' ( x ^ )  = f f x ^ )  and t h a t  f ' ( x  ) 
and f ’ ( x ^ )  a re  known e x a c t l y ,  2 . 5 . 1  can be w r i t t e n
" s ( x )  dx = h f ^ )  -  ^  ( f - -  f ^ )
*o i=1
I f  we use the  E u le r  -  M a c la u r i n  fo r m u la  to  e v a l u a t e  the  i n t e g r a l  
o f  f  over  the  i n t e r v a l  we f i n d  t h a t
" f ( x )  dx =  h f p  -  ^  ( f -  -  M )  +
o i =1
+ 0 (hi j  . . .  2 . 5 . 3
S u b t r a c t i n g  2 . 5 . 2  from 2 . 5 . 3  g iv e s1 " C - S )  dx =  ^ f i i i )  + o{ h^ )  .
^0
Using the  Mean Value  Theorem f o r  i n t e g r a l s  we f i n d  t h a t ,  f o r
some such t h a t  x <  x ;o ^  ^  n
11
( f —S) dx = + O(h^) 2 . 5 . 4
The e r r o r  term for. th e  E u le r  M a c la u r i n  fo rm u la  i s  g iv e n  as
nh^ ^ i v .
720
f o r  some such t h a t
I f  we ta k e
|x , x I then a bound f o r  L. o n J
f II as the  maximum a b s o l u t e  v a lu e  o f  f ^ ^ ( x )  i n
f  ( f - S )  dx 
' ' x
w i l l  be nh' . IV
720 ir II . . . . . . . .  2 . 5 . 5
The source o f  e r r o r  a n a l y s i s  f o r  t h e  one d im e n s io n a l  c u b i c  s p l i n e
most o f t e n  quoted i s  i n  the  paper "On E r r o r  Bounds f o r  S p l i n e
7I n t e r p o l a t i o n "  by C . A . H a l l  , i n  w h ich ,  f o r  a cu b ic  s p l i n e  S,  w i t h  
e v e n ly  spaced knots  i n  an i n t e r v a l  a , b  , a p p r o x im a t in g  to  a 
f u n c t i o n  f  a , b  , w i t h  g iv e n  d e r i v a t i v e  boundary c o n d i t i o n s
which a r e  e x a c t ,  th e  e r r o r  bound, in  terms o f  the  maximum norm,
i s  g iv e n  by
IV
* 2 * 5 * 6
We f i n d  then t h a t
iXI^ f ( x )  dx -  f   ^ s ( x )  dxX '^xo o 6 . 4'n ' 'o^384 IV
where th e  norm i s  the  a b s o l u t e  maximum v a lu e  in  , x ^ J  . Hence 
" ( f - S )  dx <  - I—  i | f^^|  . * * * * .  2 . 5 . 7I
2 .6  The t a b l e  below shows the  r e s u l t s  o f  2.4; i n  r e l a t i o n  to  the  
e r r o r  bounds 2 . 5 , 5  and 2 , 5 , 7
F u n c t io n A c tu a le r r o r s
E r r o r  Bounds 
2 . 5 , 5  2 .5 . -7
s in  X 0.000000 1,0 0 ,0 0 0 0 0 3 0 ,0 0 0 0 2 4
cos X 0,00000.3 1 ,0 0 ,0 0 0 0 0 3 0,0000.24
ta n  X 0,000012 3 0 ,0 0 .0 0 0 0 5 3 0,000.498
1/ x 0,000001 2 4 ,0 0 ,0 0 0 0 0 3 0 ,0 0 0 0 3 1  -
12
2 . 7  I f  t h e  i n t e r p o l a t i o n  problem i s  p re se n te d  w i t h o u t  g iv e n
d e r i v a t i v e  boundary c o n d i t i o n s  (wh ich  i s  the  more r e c o g n i s a b l e
s i t u a t i a n  i n  p r a c t i c e )  th en  i t  becomes nece ssary  to  " i n v e n t "
boundary c o n d i t i o n s , or e q u a t io n s  o f  c o n s t r a i n t  c lo s e  to the
boundary ,  such as 2 . 7 , 1  be low,  which w i l l  make up th e  r e q u i s i t e
number o f  l i n e a r  e q u a t io n s  from which to  compute th e  c u b ic  s p l i n e *
The f i r s t  p o s s i b i l i t y ,  f r e q u e n t l y  quoted as an answer i n  th e  above
c i r c u m s t a n c e s ,  i s  to  assume th e  so c a l l e d  " f r e e  end" c o n d i t i o n s ;
s " ( x ^ )  = o and s"(x .^)  = o .These  c o n d i t i o n s  a re  v e ry  easy to
a p p ly  b u t ,  u n f o r t u n a t e l y ,  th e y  l e a d  to  an e r r o r  bound o f  o rd e r
2 ' ,
h i n  the  i n t e r v a l s  c lo s e  to  th e  boundary .  By the  n a t u r e  o f  the
cu b ic  s p l i n e  a p p r o x im a t io n  t h i s  low o rd e r  e r r o r  i s  'smoothed  
out*  i n  th e  i n t e r i o r  o f  th e  i n t e r v a l  when th e  number o f  p o i n t s  o f  
s u b d i v i s i o n  o f  th e  i n t e r v a l  i s  s u f f i c i e n t l y  l a r g e .
Another  s e t  o f  c o n d i t i o n s  ( which a r e ,  i n  e f f e c t ,  a d d i t i o n a l  
i n t e r p o l a t o r y c o n s t r a i n t s  ) a re  the  assumed e q u a t io n s  ( C u r t i s ® )
-  *’ ^x=4(x2+xp
. . . . * *  2 . 7 . 1
These e q u a t io n s  a re  u s e f u l  i f  f  can be e v a lu a t e d  a t  th e s e  h a l f  
i n t e r v a l  p o i n t s . I f , however ,  th e  o n ly  i n f o r m a t i o n  on f  i s  a s e t  
°^  ^ p o i n t s  then t h i s  w i l l  n o t ,  i n  g e n e r a l ,  be p o s s i b l e .  In
t h i s  c a s e , t h e n , we can use th e  L a g ra n g ia n  S p l i n e .  To m a i n t a i n  
e r r o r  bounds o f  o rd e r  h a t  th e  boundary as w e l l  as th e  i n t e r i o r  
p o i n t s ,  we should f i t  a c u b ic  Lagrange p o ly n o m ia l  to  th e  f i r s t -  
f o u r  ( and th e  l a s t  f o u r )  o r d i n a t e s  i n  th e  i n t e r v a l  and th en  
d i f f e r e n t i a t e  t h i s  p o ly n o m ia l  to  f i n d  a p p ro x im a te  v a lu e s  f o r  
th e  d e r i v a t i v e s  a t  th e  boundary .  The e r r o r  bounds f o r  th e  
L a g ra n g ia n  S p l in e s  (S^ — S p l i n e s )  i n  a p p r o x im a t io n  to  f u n c t i o n s  
are.  d iscu s sed  ( i n  a v e r y  g e n e r a l  s e t t i n g ) i n  th e  paper  by S w a r tz  
and V a rg a ^ .
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5 ,  DIRECT CUBIC SPLINE APPROXIMATION. TO THE INTEGRAL OF A FUNCTION
L e t  F ( x )  =  f  f ( x )  dx . * . * * *  3 . 1 . 1
' 'a
where. f ( x )  i s  d e f i n e d  and c o n t in u o u s  i n  the  i n t e r v a l  [ a ,b ]  and 
f  H C ^ [ a , b ]  , then
F 'C x )  =  f ( x )  i n  [ a , b ]  .
L e t  us s u b d iv id e  th e  i n t e r v a l  [ a ^ b ]  i n t o  a mesh by p o i n t s  x ^ , . *
**%x . such t h a tn—1 s
/  =     < * n - 1 < * n  =  5
We now a p p ro x im a te  to  F ( x ) us ing  th e  c u b ic  p o ly n o m ia l  s p l i n e  S ( x )  
where- S ( x )  i s  a p ie c e w is e  c u b i c  p o ly n o m ia l  which i s  c o n t in u o u s  and 
has c o n t in u o u s  f i r s t  and second d e r i v a t i v e s  t h r o u g h o u t  [ a , b j  ,, and 
such t h a t  S * ( x )  =  f ( x )  at. th e  mesh p o i n t s .  I n  the  s u b i n t e r v a l
[x , x^ J , S ( x )  c o in c i d e s  w i th  th e  c u b i c  p o ly n o m ia l  s . ( x )  where
3 2s ^ ( x )  = a^x + b^x + c^x + d^ .
S in c e  t h e r e  a r e  n such p ie c e s  s . ( x )  , i = 1 ,  . * , n  , we could,
d e t e r m in e  th e  4n c o e f f i c i e n t s  ( a ^ , b ^ , c ^ , d ^ )  by s e t t i n g  up a
system o f  4n l i n e a r  e q u a t io n s  us ing th e  above c o n s t r a i n t s .  S i n c e ,  
a t  x=x^ , S ( x )  i s  c o n t in u o u s  then we can match t h e  a d j a c e n t
e lem e nts  o f  S ( x )  , i . e .
s ^ C x . )  =  S i + i C X i )  f o r
UlB can f i t  s j ^ x ^ )  and to  f ( x ^ )  , i . e .  .
s ^ ( x ^ )  =  f ( x . )
and ^ i + l ( * i )  f o r  i = 1 , . . . , n -1
and,  s in c e  S " ( x )  i s  c o n t in u o u s  t h r o u g h o u t  [ a , b j  we can match t h e
a d j a c e n t  e lem ents  s V ( x )  and s " . ^ ^ ( x )  o f  S " ( x )  a t  x = x . ,  i . e
s V ( X i )  =  f o r ..... i = 1 ...........n-1  .
Ilia can make up t h e  re m a in in g  4 e q u a t io n s  from th e  boundary v a l u e s ^
b u t  ca re  must be tak en  to  i n c l u d e  a t  l e a s t  one v a lu e  o f  F because:,
i n  t h i s  c a s a ,  th e  uniqueness o f  th e  s o l u t i o n  to  th e  problem
depends upon i t .  We can: a c h ie v e  t h i s  by using th e  obv ious  c o n d i t i o n
F(x:^) = 0 which f o l l o w s  from t h e  d e f i n i t i o n  o f  F ( x j  . Hence,  a t
x=x we use th e  c o n d i t io n s ,  o
S ' ( x ^ )  =  f(Xg) and s ^ ( x ^ )  = F ( x ^ )  = Q .
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At x=x we can use t h e  c o n d i t i o n s  
S ' ( x ^ )  =  f ( x j
and sj^(x^) = f ' ( x ^ )  i f  t h i s  v a l u e  i s  known .
3 2
—^  The method o f  e x p re s s in g  S(x;) i n  e x p l i c i t  p o ly n o m ia l  form i n  
each s u b i n t e r v a l  i s  no t  v e r y  e f f i c i e n t  f o r  c om puta t ion  though i t  
does show the= e x i s t e n c e  and uniqueness  o f  S ( x )  e f f e c t i v e l y .  I n  
p r a c t i c e  i t  i s  p r e f e r a b l e  to  express  S " ( x )  i n  terms o f  'moments'
, as we d id  i n  t h e  p re v io u s  s e c t i o n ,  and i n t e g r a t e  S " ( x )  t w i c e  
t o  f i n d  S ( x )  . I n  , f o r  i = * 1 , . * , n  , we f i n d
M. M.
S " ( x )  = — —  ( x ^ - x )  +  —  ( x -X j ._  ) • . . * * *  3 . 2 . 1
i  , i
where h . =  x . - x .  .1 1 1—1
I n t e g r a t i n g  3 . 2 * 1  g iv e s
M. . « M. _
 2 Ï Ï7  + S i
where i s  t h e  c o n s t a n t  o f  i n t e g r a t i o n .  We. d e te rm in e  by
e q u a t in g  S'{,x.) to  f ( x )  a t  e i t h e r  x=x^  ^ o r  x=x^ . Choosing  
x=*x. we f i n d
5 ' ( x . _ , )  =  -  - i ï ï 7  +  ==11 =  S - 1
where f . = f  ( x . )  . T h i s  g i v e s  us C . . :X 1 11
M
'^11 “  I’ 1-1  + “ H ’ ^ i
In  tha in te r u a l  [xu_^ ,x^ j we th e re fo re  f in d  S ' (x )  in  the form 
SSxO = ^ . ( x - x ^ _ P ^  + h j  -  (x ^ -x )
+ S - 11
# # « #'*.*. 3 . 2 . 2
And, i n  p a r t i c u l a r ,  a t  x=x^ we f i n d  t h a t
S ' ( x p  = f y  = iM^h^ + + fj__., so t h a t
S  +  S -1  = 2 ( 5  -  S _ i ) / h .  •
■ Z
Form 3 . 2 * 1  M = S"Cx; ) and we a ls o  know t h a t  S " ( x  ) = f  » .
□ o ' o '  o
15
We can t h e r e f o r e  d e te rm in e  t h e  from the  scheme
M = f ' o o
I f  th e  v a lu e  o f  f^  i s  no t  known then we a re  f o r c e d  to  c o n s id e r
some a l t e r n a t i v e s .  We can choose S ( x )  to  be th e  ' N a t u r a l ' s p l i n e
and s e t  S " ( x ^ )  = □ , but t h i s  reduces  th e  a c c u ra c y  o f  the  
a p p r o x im a t io n  i n  t h e  i n t e r v a l s  c lo s e  to  the  boundary .  The b e s t  
a l t e r n a t i v e ,  ini  t h i s  s i t u a t i o n , ,  i s  to  make S ( x )  i n t o  a L a g ra n g ia n  
S p l i n e  (s e e  p r e n t e r  page 83 )  where we f i t  a Lagrange p o ly n o m ia l
L ( x )  to  th e  f o u r  o r d i n a t e s  th e  p o i n t s  x=x^,
X=x , x=x and x=x , r e s p e c t i v e l y ,  so t h a t ,  i n  th e  i n t e r v a l
k ' S ]  :
f ( x )  ^  L ( x )  
and f  ' (x)%^ L * ( x )  .
L(x ) is a cubic polynomial whose error is of the same order as 
the cubic spline.
We now f i n d  th e  g e n e r a l  form o f  S ( x )  i n  terms o f  th e  M. i n  the  
i n t e r v a l  by i n t e g r a t i n g ,  3 . 2 * 2  .
+ 4 ( X i - x ) ^ J  + f i _ i X  + Cg.
3 . 2 . 3
We cannot d e te rm in e  th e  c o n s t a n t s  o f  i n t e g r a t i o n ,  d i r e c t l y .
We do so by f i r s t  d e t e r m in in g  and th en  th e  re m a in in g  c o n s t a n t s
s u c c e s s i v e l y .  I n  th e  i n t e r v a l  [x^,x. jJ  :
M. 3 r  9
S ( x )  =  + i ( x . , - x )  ]  + f_^x + .
At x=x S (x  ) =s F ( x ) = 0 t h e r e f o r eo o '  o '
-  f o * o  •
T h is  determines; S ( x )  i n  th e  i n t e r v a l  [x^jX.^] and from i t  we can
f i n d  a v a lu e  f o r  S ( x ^ )  . We a p p ly  3 . 2 . 3  a g a i n ,  t h i s  t im e  i n  the
i n t e r v a l  [x> j»xJ  and use th e  v a lu e  o f  S (x ^ )  to  d e te rm in e  ,
then  d e te rm in e  ^ ( x ^ )  and so on u n t i l  i = n  . U l t i m a t e l y  we f i n d
b
S ( x ^ )  rv J  f ( x )  dx
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3 . 3  The Computer. Programme
The f o l l o w i n g  computer  programme i s  w r i t t e n  i n  BASIC t o  e v a l u a t e  
th e  i n t e g r a l
j  f ( x )  dx
us ing the  method o f  t h i s  s e c t i o n .  In  t h i s  i n s t a n c e  th e  boundary  
cond i t  
i n p u t .
d i t i o n s  are; n o t  programmed b u t  a v a lu e  f o r  M i s  p a r t  o f  th e
o
10 INPUT "N= ";N  
N i s  th e  number o f  i n t e r v a l s  i n  the  mesh 
15 DIM S ( N ) , C ( N ) , F ( N ) , X ( N ) , . M ( N )
3 ( 1 )  i s  th e  v a lu e  o f  F(x.^) ; C ( l )  c o n t a i n s  th e  c o n s t a n t s  o f  
i n t e g r a t i o n -  C^^ * F ( l )  i s  th e  v a lu e  o f  f ( x ^ )  ; X ( l )  i s  th e  v a l u e  x . ;  
M ( I )  i s  PI  .
20 INPUT "VALUES FOR M ( 0 ) , XO, H" ; M(O) ,X0 ,H  
XO i s  the; v a l u e  o f  x^ ; H i s  th e  mesh s i z e  f o r  a re g u la r ,  mesh.
30: FOR 1=0 TO N;;X( l )= X O + I *H :N E X T  I  ; ]=N—1
40: FOR 1=0 TO 3: XO=X( I  ) ;GOSUB 50.0; F( I  )=FX: XO+X( 1+1 ) tGOSUB 50C 
5a  F ( I + 1 ) = F X : M ( I + 1 ) = 2 * ( f C I + 1 ) - F ( I ) ) / h- M ( I ) ; N E X T  I
T h is  has d e te rm in e d  th e  v a lu e s  o f  x _ , f ^  and f o r  i = 0 , . * , n  
60 S (0 )= 0 ;F 0 R  1=1 TO N
70 C ( L ) = S ( I - 1 ) - M ( I - 1 ) ^ ( H * X ( I - 1 ) + ( , ( H * 2 ) / 3 ) ) / 2 - F ( I - 1 ) * X ( I - 1 )  
T h is  has d e te rm in e d  ,
ao S ( I ) = M ( I ) ^ ( H * 2 ) / 6 + M ( I - 1 ) * H * X ( I ) / 2 + F ( I - 1 ) * X ( I ) + C ( I ) : N E X T  I  
90; PRINT "THE INTEGRAL OF F ( X )  IS S(_N)= " ;S (N ) ;E N D
S ( n ) g i v e s  t h e  i n t e g r a l  a p p r o x i m a t i o n . \  :
500 FX ( F u n c t i o n  s u b r o u t i n e )  «
3 . 4  N u m e r ic a l  R e s u l t s
A p p ly in g  th e  above computer  programme t h e  f o l l o w i n g  r e s u l t s  were  
o b t a in e d  us ing t h e  v a r i o u s  f u n c t i o n s  on a r e g u l a r  mesh.
F u n c t io n I n t e r v a l meshs i z e
n u m e r ic a l
r e s u l t s
True
v a lu e
A b s o lu te
e r r o r
cos X 
s in  X 
ta n  X 
1/ x
e r f ( x )
[O.i ir j
D ' i d
&
D . 2 ]  
[0 . 1]  ;
n / 2 0  
tt/ 2 0  
tt/  40 
0.1  
0.1
1 .0 0 0 0 0
1.00001
0 .3 4 6 5 7 8
0 .6 9 3 1 5 0
0.842703 .
1 .0 0 0 0 0
1.00000
0 *3 5 6 5 7 4
0.693,147
0*84270.1
0 .0 0 0 0 0
0.00001
0 . 0 0 0 0 0 4
0.000003:
0*000002
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3.5. I n  s e c t i o n  3 . 2  we d e te rm in e d  the  'moments'  o f  th e  d i r e c t  
c u b i c  s p l i n e  a p p r o x im a t io n  to  the  i n t e g r a l  o f  f ( x )  by us ing the  
scheme
M = f0 o
^ 1-1  “  ^ ' ^ i  "  ^ i - l V h  i = 1 , . . , n  . . . . 3 . 5 * 1
S e t t i n g  x=x.  and x=x.  . i n  3 . 2 . 3  :1 1—1
'■'t 2 '%• 1
s u p  = —  h + - y -  hx .  + x . f . _ ^  + C j .
Mj 1 M
= T ~  ' i i ' i - i  + —  h + \ _ P i _ l  + S i
we f i n d
S ( X i )  _  s ( x . _ p  = 1  (n + I  i S _ p X i - x . _ p  +
h 2 .....................  h 2
= 5 - 5 - 1  ) + 2 5 - 1  + h f . _ ^
= ?  ( 5  + 2n , _ p  + h f  
h -  3
= ?  2 ( 5 +15 - 1 ) -  ^ ( 15 - 5 - 1  ) + 1 5 - 1
= 1  — r ' i -1  ) -  + h f . _ ^
= ?(5+5-1 ) - w  (5 -5 - 1) •
1-1 1=1
l ÿ ( 5 + 5 - i )  -  r i  ( 5  -  5 )
i =1
S in ce  M — f ' and M = f ' we have  n n 0 0
S ( x p  -  S ( x p  = Y ^ ( 5+5-1 ) -  r i  ( 5  -  5 )
i =1
. . . . .  3 . 5 . 2
3 . 5 .2  i s  e x a c t l y  the  same r e s u l t  as we o 'c ta ined in  s e c t i o n  2 , 5
i e
e q u a t io n  2 , 5 * 2  and shows t h a t ,  f o r  a r e g u l a r  mesh anyway, the  
methods o f  sec,tio.ns 2 and 3 a re  e q u i v a l e n t  and t h e r e f o r e  th e  same 
e r r o r  bounds a p p l y ,
3.*6. T h is  method o f  s e c t i o n  3 -  the  d i r e c t  c u b ic  s p l i n e  
a p p r o x im a t io n  to  the  i n t e g r a l  o f  a f u n c t i o n  -  proves  to  be v e ry  
e f f i c i e n t *  The a l g o r i t h m  i s  compact and the  computer programme i s  
s h o r t .  The com puta t ion  can a ls o  be executed  using a programmable  
c a l c u l a t o r  or even an o r d i n a r y  c a l c u l a t o r  which has m u l t i p l e  
memories.
The a l g o r i t h m  i s  a ls o  u s e f u l  f o r  a d a p t i v e  i n t e g r a t i o n .  We a r a  no t  
r e s t r i c t e d  by th e  method o f  com puta t ion  to  a p a r t i c u l a r  number o f  
o r d i n a t e s  i n  advance.  For. example,  the  i n t e g r a l
j;x^ dx
was computed by s e t t i n g  x^—1 and using n in e t e e n  s te p s  a t  c o n s t a n t  
i n t e r v a l  h^ = —0 . 0 5  f o r  i = 1 , . * , 1 9  then c o n t in u in g  th e  c om puta t ion  
with: i n t e r v a l s  h^^^g = - 0 . 0 5  x ( 0 . 5 ) ^  f o r  i = 1 , 2 ,  . u n t i l  two 
s u c c e s s iv e  a p p r o x im a t io n s  d i f f e r  by l e s s  than a p r e a s s ig n e d  s m a l l  
v a l u e .  Four dec im a l  p la c e  a cc u racy  was a c h ie v e d  v e r y  q u i c k l y .
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4 . COMPUTATION OF DOUBLE INTEGRALS USING ONE DIMENSIONAL CUBIC 
SPLINES .
y=y
y=y
x=x x=xo n
Consider:  a f u n c t i o n  f ( x , y )  o f  two v a r i a b l e s  x and y ,  d e f i n e d  
in. a r e g i o n  R o f  the: x:—y p l a n e  bounded by a c lo s e d  curve  C • f ( x , y ) 
most belong t o  th e  space o f  c o n t in u o u s  f u n c t i o n s  J by which
we mean the  space o f  f u n c t i o n s  i n  two v a r i a b l e s  which a r e  co n t in u o u s  
and have c o n t in u o u s  p a r t i a l  and mixed p a r t i a l  d e r i v a t i v e s  up to  
,and i n c l u d i n g  o rd e r  4 ,
L e t  R be c o n ta in e d  i n  th e  r e c t a n g l e  x < x < x  , v < ^ v ^ v
o n '
where x and x a r e  th e  ex t rem e v a lu e s  o f  x on C and y and y a r e
'' o n
th e  e x t r e m e  v a lu e s  o f  y on C • Ue wish to  f i n d  a v a l u e  f o r  t h e
i n t e g r a l  o f  f ( x , y )  over  R .
L e t  the  c lo se d  curve  C which bounds the  r e g io n  R be such t h a t  any
l i n e  x=a where x ^  a ^ xo ^  n
i n t e r s e c t s  C i n  a t  most two p o i n t s .
T h is  means t h a t  we must a v o id  the
s i t u a t i o n  where th e  c urve  C i s  
r e - e n t r a n t  i n  such a manner t h a t  
any l i n e  x=a i n t e r s e c t s  the  curve  
C i n  more than two p o i n t s .  I t  w i l l  
not  m a t t e r  t h a t  any l i n e  y=b 
(y^  y ^ y ^ )  i n t e r s e c t s  C i n  more 
th an  two p o i n t s .
L e t  th e  i n t e r v a l  be s u b d iv id e d  by p o i n t s  x ^ , x ^ , , , , x ^  ^
such t h a t
 ---------- C ' < n _ 1 < ' ' n  '
L e t  th e  l i n e  x=x i n t e r s e c t  th e  curve  C a t  p o i n t s  where y=y.
io
and y=y^^ ( and l e t  th e  i n t e r v a l  j  a lo ng
the. l i n e  x=x^ be s u b d iv id e d  by p o i n t s  where y = y . ^ ,  • , , , y = y . 
such t h a t
< y i n _ 1  <  ^ in  •
4 , 2  F i t t i n g  the  cu b ic  s p l i n e  o f  s e c t i o n  2
Along the  l i n e  x=x^ we w i l l  f i t  a one d im e n s io n a l  c u b i c  s p l i n e  
S ^ (y )  to  the  v a lu e s  o f  th e  f u n c t i o n  f ( x ^ , y )  a t  the  p o i n t s  where  
y ^ ^ i l  * * * * * * y ~ y in  us ing the  boundary c o n d i t i o n s
and
or a p p ro x im a te  d e r i v a t i v e s  found by d i f f e r e n t i a t i n g  a c u b i c  
Lagrange p o ly n o m ia l  i f  th e y  a r e  n o t .  ( a s  i n  3 , 2 )  ,
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We w i l l  then f in d ,  an a p p r o x im a t io n  to  th e  a r e a  under the- curve  
along the  l i n e  x=x^ which I s
J f ( X i . y )  dy
by e v a l u a t i n g  th e  i n t e g r a l
i n
10
S . ( y )  dy .
Let.  th e s e  a p p ro x im a te  a re a s  be denoted by Y (x ^ )  .
nn
y
n = |  Cy n1
no
S ; ( y )
/ % = / / /
/
/
T
/ S_^(y)dy
^ 1
f  /  on ^ n _ 1
/
zl
f ( x „ , y )
00
F i g u r e  4
no
We w i l l  n e x t  f i t  a one d im e n s io n a l  c u b ic  s p l i n e  a p p r o x im a t io n  S ^ ( x )
to  th e  v a lu e s  Y (x ^ )  i = 0 , * , . , n ,  . S in c e  th e  Y (x ^ )  must be t r e a t e d
as d a ta  p o i n t s  whose p a r e n t  f u n c t i o n  i s  not  known, th en  we must
compute boundary c o n d i t i o n s  a l s o .  For t h i s  we use th e  c u b i c  Lagrange
p o ly n o m ia l  and d i f f e r e n t i a t e  to  f i n d  a p p r o x im a t io n s  f o r  f ' ando
f ^ .  We thus f i n d  the  a p p ro x im a te  v a lu e  o f  th e  double  i n t e g r a l
f ( x , . y )  dxdyJ.
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Jx  ^ S ( x )  dx ,
Xo
4 .3 .  F i t t i n g  t h e  c u b ic  s p l i n e  o f  s e c t i o n  3 .
As an a l t e r n a t i v e  to  the  method d e s c r ib e d  i n  4 . 2  f o r  e v a l u a t i n g  
an a p p r o x im a t io n  to  the  do b le  i n t e g r a l  we can ap p ly  the  cu b ic  
s p l i n e  a p p r o x im a t io n  o f  s e c t i o n  3 .
Along t h e  l i n e  x=x^ we d e f i n e  th e  f u n c t i o n  F i ( y )  as
F ^ f y )  = J  f ( x ^ , t )  d t  
^ io
and f i t  the  c u b i c  s p l i n e  S ^ ( y )  to  th e  f u n c t i o n  F . ( y )  a t  the  p o i n t s  
y=y^Q, . . . .  » ^“ ^ in  d id  i n  s e c t i o n  3 so t h a t  th e  i n t e g r a l
fy . f ( x . , y )  dy i s  ap p ro x im a te d  by th e  v a lu i
^ io
S j / y i n )  •
I f  th e se  i n t e g r a l s  are: denoted by Y (x  ) , i = 0 , . . , n , as i n  4 , 2  
then  we d e f i n e  F ( x )  as
FyCx) =  J  Y ( t )  d t  
^o
and f i t  a c u b i c  s p l i n e  S ^ ( x )  t o  th e  v a lu e s  F ^ (x ^ )  , a g a in  as we 
d id  i n  s e c t i o n  3 ,  and our a p p r o x im a t io n  to  th e  double  i n t e g r a l
I f ( x , y )wo dxdy
4 , 4  N um er ica l  R e s u l t s
G iven below i s  a t a b l e  o f  r e s u l t s  found from using th e  two method; 
d e s c r ib e d  above .  The method o f  4 . 2  i s  ( 1 )  and the  method o f  4 . 3  
i s  ( 2 )  .
These r e s u l t s  were computed on a TRS 90 microcomputer,  w h ich ,  i n  
s i n g l e  p r e c i s i o n  a r i t h m e t i c ,  g iv e s  r e u l t s  i n  s i x  s i g n i f i c a n t  
f i g u r e s .
I t  i s  n o t i c e a b l e  t h a t  method ( 2 )  i s  more a c c u r a t e  f o r  th e se  
p a r t i c u l a r  i n t e g r a l s .
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F u n c t io n I n t e r v a l meshs i z e
N u m e r ica l
r e s u l t s
True
v a lu e s
A b so lu te
e r r o r s
s in  X s in  y 0 <  X ^^n  0 ^ y  ^ f n
h = n /2 0
h = n /2 0  
y ‘
( 1 )
( 2 )
1 .00 0 03 0  
1 .0 0 0 0 1 0 ;1 .00 0 0 0 0
0 .0 0 0 0 3 0
O.OOOOTO
cos X cos y 0 ^  X ^ n  
0 ^ y  < i n
h = n /2 0
h = n /2 0
y
( 1 )
( 2 )
1 .0 0 0 0 3 0  
1 .00 0 01 0 1 .0 0 0 0 0 0
0 .0 0 0 0 3 0
0 .0 0 0 0 1 0
“ e x p ( - ( x ^ + y ^ ) ) 0 C X  ^ 1
0 < y
h =  0 .1  
0 .1
( 1 )
( 2 )
0.71015.1
0 .7 1 0 1 4 7 0 .7 1 0 1 4 5
0 .0 0 0 0 0 5
0 .0 0 0 0 0 2
1 /x y 1 c x  ^ 2
1 < y  < 2
h =  0 ,1  
t / L  0 .1
( 1 )
( 2 )
0 .4 8 0 4 6 8
0 .4 8 0 4 5 7 0 .4 8 0 4 5 3
0 .0 0 0 0 1 5  
0 .0 0 0 0 0 2
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4 . 5  Computer programme f o r  ( 1 )
.10 INPUT N : 0 I f 1 X ( N ) , Y ( N ) , F 2 C N , N ) , A ( N , 2 ) , f q ( N ) , B ( N ) , C ( N ) , S ( N ) , F ( N )
20 INPUT X ( ü ) , X ( N ) , Y ( 0 ) ^ Y ( N ) : H X = ( X ( N ) - X ( 0 ) ) / N ; H Y = ( Y ( N ) - Y ( g ) ) / n 
30 F 0 R I = 0 T 0 N : X ( l ) = X ( 0 ) + I * H X : Y ( l ) = Y ( 0 ) + I * H Y : N E X T I : F 0 R I = 0 T 0 N  
40 F ü R 0 ^ 0 T ü W :X I= X ( l ) :Y D = Y (0 ) :G 0 S U B 1 0 0 0 ;F 2 ( l , 0 )= F X Y :N E X T O , I
T h is  h a a  s e t  up the  meshi p o i n t s  ( x .  , y  . )  and definead.. th e  f u n c t i o n
1 J
v a l u e a  f ( x ^ , y ^ ) .
50 H=HY;FORI=OTON:FOR3=OTON:F(0)=--F2(, I ,D):C(0)-Y(3):NEXTO:GOSUB500  
Subrout ine .  500 computes th e  moments n .  o f  the  l i n e a r  c u b i c  s p l i n a  
along th e  l i n e  x=x^
r 0 R 3 = 1 T 0 N ; S ( l ) = S ( l ) + ( F ( 3 ) + F ( 3 - 1 ) ) * H / 2 - ( M ( 3 ) + f l C 3 - 1 ) ) * ( H t 3 ) / 2 4  
70 NEXT3. I
The v e c t o r  S ho lds  t h e  v a lu e s  o f  th e  a re a s  I  f ( x ^ , y )  dy .
^o
80 H=HX:F0R I=OTON : F ( l  )=S(. I  ) : C( I  )=X ( I  ) : NEXTI ; GO SUB 500:
We ha v e  computed t h e  moments o f  a l i n e a r  c u b i c  s p l i n e  f i t t e d  to  t h e  
v a lu e s  i n  S a t  t h e  p o i n t s  where x = x^ .
9 a  F0RI=1T0N;
i o a  s u n = s u n + ( r ( i ) + F ( i - i ) ) * H / 2 - ( F i ( i ) + n ( i - ^ i ) ) * C H t 3 : ) / 2 4 : ? v E X T ; i
110 PRINT SUM:END
5 a Q A ( 0 , 1 ) = H / 3 : : A ( Q , 2 ) = H / S ; A ( N , 0 ) = H / 5 ; A ( N , 1 ) = H / 3 : X I = C ( 0 ) : K = 0
510 G0 S Uai  10Q; a (.0 ) = (  F ( 1 ) - F  ( 0 ) ) , /H-FD ; K =1 : X I  =C ( N:) : G 0 S UB1100
a ( N ) = F D - ( F ( N ) - F ( N - 1 ) ) / H : F O R IA = 1 T 0 N - 1 ; A ( l A , 0 ) = H / 5 : A ( l A , 1 ) = ( 2 * H ) / 3
530 A ( I  A , 2 ) = H /  6: B( IA )= (F  ( IA+1 ) - 2 * F ( , I A  )+F ( l A - 1  ) ) / H  : NEXTIA 
540 F 0 R 1 A = 1 T 0 N : A ( IA ,1 ) = A ( IA ^ 1 ) - ;  A ( I A - 1 , 2 ) * a C I A , 0 ) / a ( I A - 1 ^ 1 )
550 B ( l A ) = : e ( l A ) - B ( l A - 1 ) * A ( l A , 0 ) / A ( l A - 1 , 1 ) ; A ( l A , 0 ) = 0 : - N E X T I A
560 M(N.)==B(N)/A(N, 1 ) :F0R1A=N-1T00STEP-1
57 a  M ( lA  ) = (  B ( IA ) -A  ( IA , 2 ) ( I  A+1 ) ) /  A ( IA , 1 ) ; N EXTIA : R E TUR N -
1000 FXY= • • • • • •  ; RETURN
I l O a  IF  K=0 THEN GOTO 1110 ELSE GOTO 1120:
1110 F D = - ( 5 * F ( 0 ) ) / ( 2 * H ) + ( 2 * F ( 1 ) ) / H - F ( 2 ) / ( 2 * H ) : G 0 T 0  1130 
1120 FO=F( N - 2 ) / ( 2*H) - ( 2 * F ( N -1 ) ) / H + (3 *F ( N) ) / ( 2*H)
1130 RETURN
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4 . 6  Computer Programme f o r  ( 2 )
10: INPUT N;DIM S ( N ) , F ( N ) , F2(N ,N ) ,„X(N ) , Y ( a )  ,Pl( N ) , S2(N ) , C(N )
2a  INPUT X ( 0 ) , X ( N ) , Y ( 0 ) , Y ( N ) ; h X ? r : O H , N ) ~ X ( 0 ) ) / N i H Y = ( Y ( N ) - Y ' ( 0 ) ) / N v  
30 F 0 R I = 0 T 0 N : X ( I ) = X ( 0 ) + I * H X :  Y ( l  )=Y (0 ) - } - I *H Y;NEXr i  
40 FOR1=0 TO N: F OR 3=0 TO N: X I = X ( I ) ; Y3=Y( 3 ) : G 0 S UB10 0 0 ; F 2 ( l , 3 ) =FX Y 
50 NEXT 3 , I : H = H Y
60 F 0 R I= 0 T 0 N ; F 0 R 3 = 0 T 0 N :F (3 )= F 2 ( I , 3 ) ;N E X T 3 : G 0 S U B 1 1 0 0 ;n ( 0 ) = F D  
70 G0SUB 5Ü0:S2( I )=S (N) ;NEXTI:H=HX.
The  v e c t o r  52 c o n t a in s  t h e  a r e a s  f^n   ^ „
I  f ( x  , y ) d y  f o r  i = 0 , . . . , n  .
^o
80. F 0 R I= 0 T 0 N : F ( I )= S 2 ( I ) :N E X T I : G 0 S U B 1 1 0 0 ;M (0 ) = F D ;G 0 S U B 5 0 0  
90 PRINT S(N);END
S u b r o u t in e  500 computes a re a s  us ing t h e  c u b i c  s p l in e -  o f  s e c t i o n  3
500 .F 0 R K = 0 T 0 N - 1 : M ( K + 1 ) = 2 * ( F ( K + 1 ) - F ( K ) ) /H - n ( K ) : N E X T K  
510- S(O)=0:F0RK=1TON
520 C . ( K ) = S C K - 1 ) - n ( K - 1 ) * ( H * X ( K - 1 )  + (H 2 ) / S ) / 2 - F ( K - 1  )^ X (K -1  )
530 S ( K ) = f l ( K ) * ( H  2 ) / 5 + M ( K - 1 ) * H * X ( K ) / 2 + F ( K - 1 ) * X ( K ) + C ( K )
540. NEXTK:RETURN.
C i s  th e  v e c t o r  which h o ld s  t h e  c o n s t a n t s  o f  i n t e g r a t i o n  and
S(N) i s  th e  a r e a .
1000 FXY= . . . » : RETURN F u n c t io n  s u b r o u t i n e
1100 F D = - ( 3 * F ( 0 ) ) / ( 2 *H ) + ( 2 * F ( 1 ) ) / H - F ( 2 ) / ( 2 * H ) : R ETURN
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4 ..7 These methods o f  s e c t i o n  4 f  o l l a w  the  s te p s  i n  the  a n a l y t i c a l  
pr.oceedure f o r  i n t e g r a t i n g  a fu n c t io n ,  o f  two v a r i a b l e s .  We. r e q u i r e  
to. e v a l u a t e
V = f  f ( x , y )  dxdy
where R i s  a r e g io n  o f  the  x—y p la n e  baunded by c la s e d  curve- C.
I f  f ( x , y )  and R were such t h a t  an a n a l y t i c a l  p roceedure  f o r  
i n t e g r a t i n g  were a p p l i c a b l e  then we would f i r s t  i n t e g r a t e  f ( x , y )  
w i t h  r e s p e c t  to  one v a r i a b l e ,  say y , and t h e r e b y  d e te rm in e  a 
co n t in u o u s  f u n c t i o n  o f  x ,  l ( x ) ,  which would be d e f i n e d  as
l ( x )  — I  f ( x , t . )  d t
y
I n  p a r t i c u l a r ,  a long the.  l i n e  x—x^ i n  the  x—y p l a n e , p a r a l l e l  to  
the  y a x i s ,  we would have
^ y .
I ( ^ i )  = j  f ( x , y )  dy
^ io
where y^^ and y^^ (y^^ ^  y^^) a re  th e  v a lu e s  o f  y where th e  l in e .
i n t e r s e c t s  th e  curve  C. For  s i m p l i c i t y ,  we assume t h a t  any 
l i n e  x=x^ i n t e r s e c t s  C i n  a t  most two p o i n t s  as i n  4 . 1 .
We would now d e te rm in e  V from.
■/
X
 ^ I ( x )  dx
Xo
where x^ and x^ (x^  ^  x^) a re  th e  extreme values,  o f  x on C •
In  f o l l o w i n g  t h i s  p roceedure  w i t h  o u r  a lg o r i t h m s  o f  .4 ,2  and 4 . 3 ,  
however.: , we a r e  o n ly  i n  a p o s i t i o n  to  f i n d  a p p ro x im a te  v a l u e s .
We cannot d e te rm in e  I ( x ^ ) e x a c t l y  but o n ly  an a p p r o x i m a t i o n ,
which i s  found by f i t t i n g  a one d im e n s io n a l  c u b i c  s p l i n e  
along th e  l i n e  x = x .  t o  th e  o r d i n a t e  v a lu e s  f ( x . , y . )  j = 0 , . . , n .
I f  we had th e  t r u e  v a lu e s  o f  l ( x ^ )  a t  x=x^ f o r  i = 0 , . . , n  , th en  
we could  f i t  a one. d im e n s io n a l  c u b i c  spH'naS ( x )  to these  v a lu e s  
o f  I ( x )  and then  i n t e g r a t e  t h i s  c u b ic  s p l i n e  to  f i n d  an a p p ro x im a te  
v a lu e  f o r  V . However, s in c e  we know o n ly  I  ( x .  ) ,  i = 0 , . , . ,n , in  
f a c t ,  we t h e r e f o r e  f i t  the  one d im e n s io n a l  c u b ic  s p l i n e  S ( x )  to  
these  v a lu e s  and a p p ro x im a te  U by ^
£'*^  5 ( x )  dxX P o
The t o t a l  e r r o r  i n  V by so doing i s
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I
( I  -  S ) dx 
P
Since  we c o u ld ,  i n  t h e o r y ,  f i n d  an I ^ ( x )  f o r  any v a lu e  o f  x ,  
where ^  x ; ^ x ^  , as an a p p r o x im a t io n  to  I  ( x ) , then I  ( x )  
can a ls o  be c o n s id e re d  as a co n t in u o u s  f u n c t i o n  o f  x .
I p ( x )  t h e n ,  i s  th e  a p p r o x im a t io n  to  l (xc) found by f i t t i n g  a c u b ic  
s p l i n e  a long any l i n e  i n  th e  x -y  p l a n e ,  p a r a l l e l  to  the  y a x i s ,  
between th e  p o i n t s  where the  l i n e  i n t e r s e c t s  th e  boundary c u r v e  
C and X <  X < x  , then  i n t e g r a t i n g  t h i s  c u b i c  s p l i n e  w i t h  
r e s p e c t  to  y .
Now
so t h a t
and
I “ S — I  — I  + I  —» S
P P P P
( I - S p )  dx = d x . £ " ( I p - S p )  dx
o O
" ( I  -  S ) dx
<
A bound f o r  I  -  I
' P- ” p
a p p r o x im a t io n  to  I  found by i n t e g r a t i n g  a c u b i c  s p l i n e .
L  - s) I ^ " ( l p  -  Sp) dx
can be found from 2 . 5 . 7  s in c e  I  i s  th e
P
i n s .
^  384 ^y  ^^ i n "  ^ io  ^
w here ,  a long th e  l i n e  x—x . , h^ i s  the  maximum d i s t a n c e  between  
any two c o n s e c u t iv e  mesh p o i n t s  and | | f i s  the  maximum 
a b s o l u t e  v a lu e  o f  th e  f o u r t h  p a r t i a l  d e r i v a t i v e  w i t h  r e s p e c t  to  
y . A bound f o r
r,X
" ( I  -  I p )  dx
i s  t h e r e f o r e
where ,  on the  boundary curve  C, y^ and y ^ , x^ and x_ ,  a re  the  
extreme v a lu e s  o f  y and x , r e s p e c t i v e l y , h i s  th e  maximum 
d i s t a n c e  between any two c o n s e c u t iv e  mesh p o i n t s  a long any l i n e  
p a r a l l e l  to  the  y a x i s  and || i s  th e  maximum a b s o l u t e  v a lu e
o f  the  f o u r t h  p a r t i a l  d e r i v a t i v e  w i th  r e s p e c t  to  y anywhere i n  
th e  r e g io n  R.
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Since  5^ i s  a one d im e n s io n a l  c u b ic  s p l i n e  a p p r o x im a t io n  to  I
then I  — S i s  bounded by 
‘ P P'
5 4
384
where h^ i s  the  maximum d i s t a n c e  between any two c o n s e c u t iv e  
mesh p o in t s  on th e  mesh x ^ ^ x  . . .  ^ x ^  and I ^ ^ ( x )  i s  the  
maximum a b s o l u t e  v a lu e  o f  the  f o u r t h  d e r i v a t i v e  w i t h  r e s p e c t  to  
X i n  • A bound f o r  the  i n t e g r a l
" C p  -  Sp) dx i s  t h e r e f o r e
5 . 4 ,  .
3 8 4  -  x j
A n u m e r ic a l  v a lu e  f o r  t h i s  e r r o r  bound h inges  on an e s t im a t e  f o r  
I Ip  ( x )  I • T h is  i s  d i f f i c u l t . We have o n ly  i n t i m a t e d  th e  e x i s t e n c e  
o f  I p ( x )  as a con t inuous  f u n c t i o n  by i n t u i t i o n  but we could  show 
t h a t  I p ( x )  i s  one o f  a sequence o f  f u n c t i o n s  which w i l l  converge  
to  l ( x ) .  I n  p r a c t i c e ,  we would o n ly  l i k e  to choose an approx im at ion :  
which does co n ve rg e .  C e r t a i n l y ,  i n  t h i s  c ase ,  and i n  th e  examples  
o f  4 . 4 ,  such convergence i s  i m p l i c i t l y  b e l i e v e d .  We would t h e r e f o r e *  
be l e d  to  b e l i e v e  t h a t  we can ap p ro x im ate  I^ '^ (x )  us ing I^ '^ (x )  
w i t h o u t  danger p ro v id e d  t h a t  we do understand  how and why we have  
done so.
By d e f i n i t i o n
i ( x . )  =  f  " f ( x . , y )  dy
along th e  l i n e  x = x . so t h a t ,  a long any l i n e  p a r a l l e l  to  th e  y 
a x i s  which cu ts  C i n  p o i n t s  where y = y ^ ( x )  and y = y ^ ( x )  we have
I ( x )
n f ( x , y ) d y
D i f f e r e n t i a t i n g  under th e  i n t e g r a l  s ig n ;
I^ ^C x)  = f " ^ ' / ( ^ . ° ) ( x , y )  dy
By the  Mean V a lue  Theorem f o r  i n t e g r a l s ,  we can f i n d  such t h a t  
r) ^  y^(.x) andy „ ( x )
mf  n dy = ( y ^ ( x ) - y  ( x ) )  f ‘ ‘* ’ ° ^ ( x , n )  .
yo^x) /
I f  jf I i s  the  maximum v a lu e  o f  the  f o u r t h  p a r t i a l  d e r i v a t i v e
o f  f ( x , y )  i n  th e  r e g io n  R and on th e  c lo sed  curve  C, then
( 4 , 0 )
( ^ n -  ^o)
and so
f ’Cl -  S ) dx 
. P P
• • • • * *  4 . 7 , 3
Gombining 4 . 7 , 1  and 4 . 7 . 3  we f i n d
\Xn ( I  -  Sp) dx
5
384
4. ,7*4
I t  w i l l  have been n o t i c e d  t h a t ,  in. th e  fo r e g o in g  a n a l y s i s ,  we
have used the  l e s s  o p t i m i s t i c  e r r o r  bound 2 . .5 .7  i n s t e a d  o f  th e
bound g iv e n  by 2 . 5 . 5 .  T h is  i s  done to  a l l o w  f o r  th e  assumption
t h a t  I ^ ^ ( x )  cou ld  be used i n  the  p la c e  o f  I^ '^ (x )  s in c e  the  l a t t e r
P
i s  n o t  known. I f  we wer. to be v e ry  o p t i m i s t i c  about the  s u b s t i t u t i o n
o f  I ^ ^ ( x )  f o r  I ^ ^ ( x )  i n  th e  e r r o r  a n a l y s i s , th en  we- could  say t h a t  
P
Cl -  s ) dx
7 &  (^n -  y o H x ^ -  x j (  h *  | | f ( ' ' ' ° ) | | +  h^ | | f ^ ° > ‘‘ |  )
4 . 7 . 5
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5 .  COMPUTATION OF DOUBLE INTEGRALS USING THE BICUBIC SPLINE 
5 .1  The B i c u b i c  S p l ine .
L e t  S ( x , y )  be th e  b i c u b i c  s p l i n e  a p p r o x im a t io n  to  t h e  f u n c t i o n  
f ( x , y )  o f  two v a r i a b l e s  x and y over the  r e g io n  R o f  t h e  x - y  
p la n e ;  x^ ^  x ^  x^ , y^ ^  y ^ y ^  where R i s  s u b d iv id e d  
i n t o  a r e c t a n g u l a r  mesh by th e  l i n e s  x=Xj^ i = 1 , , . * , n - 1  and 
y=y j  J=1 > • • •*> n—1 •
By an a lo g y  w i th  the  one d im e n s io n a l  c ase ,  the  f u n c t i o n  S ( x , y )  i s
c o n t in u o u s  w i th  c o n t inuous  f i r s t  p a r t i a l  and second mixed p a r t i a l
d e r i v a t i v e s ,  i s  a b i c u b i c  p o ly n o m ia l  i n  each mesh rectapigleL r  :
 ^J
X. . ^  X ^ x .  , y . . <  y <  y : f o r  i = 1 , * * , n  j = 1 , .  * , n  , and
1 — I 1  J — I ^  J
s o lv e s  th e  i n t e r p o l a t i o n  problem
~ f ( ^ j^ > y j )  i = 0 , * . , n j = 0 , . * , n
s ( x . , y . )  = f ( x . , y . )  i = 0 , n  j = 0 , . n
# # # # #
S y ( x ^ , y ^ )  = f y ( x ^ , y j ) i = 0 , « * , n j = 0 , n
S x y ( ^ i > y j )  -  ^ x y ^ ^ i ’ ^ j^  i = 0 , n  j =Q , n  .
I n  each mesh r e c t a n g l e  r^^  S ( x , y )  i s  d e f in e d  by th e  b i c u b i c  
p o ly n o m ia l
3 3
s ^ j ( x . y )  =  x V   5 . 1 . 2
u=0 v=0
I t  i s  proved by De Boor^ t h a t  S . (x ,y )  o f  the  form 5 , 1 , 2  i n  each 
mesh r e c t a n g l e  and s a t i s f y i n g  the  c o n s t r a i n t s  5 , 1 , 1  over  R i s  
u n iq u e .
The  B i c u b i c  H e rm i te  p o ly n o m ia l  which f i t s  the  v a lu e s  o f  f ( x , y ) ,  
f ) ( ( x , y ) , f y ( x , y )  and f ^ ^ ( x , y )  a t  a l l  th e  mesh p o i n t s  ( x ^ , y ^ )  f o r  
i = 0 , .  * , n  and j = 0 , ,  ,.,;n , i s  alsjo a B i c u b i c  S p l i n e  but th e  r e v e r s e  
i s  n o t  a lways t r u e .  The B ic u b ic  S p l i n e  S (x , .y )  does not n e c e s s a r i l y  
f i t  th e  v a lu e s  o f  the  th e  p a r t i a l  d e r i v a t i v e s  c f  f ( x , y ) but the. 
p a r t i a l  d e r i v a t i v e s  o f  S (x , ,y )  must be; c o n t inuous  a t  th e  i n t e r n a l  
mesh p o i n t s *
The 15 c o e f f i c i e n t s  ( c . . )  i n  th e  i j t h  r e c t a n g l e  r . . can bei j .- 'uv i j
de te rm in e d  from the  16 l i n e a r  e q u a t io n s
h j  = h j  
( ' h j ) x  =
( h j ) y  =  h ^ h ' y j )
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( h j ) x y  = ^ y ( x . , y . )  
which a re  o t i ta inBd a t  th e  fo u r  c o rn ers  o f  r .  . ;
^ ^ i > y j )  > j )  ^ ^ i - 1  j - 1   ^ * but we are;
th en  ta x ed  w i t h  the  problem o f  f in d in g ,  a p p ro x im a te  v a lu e s  f o r  the  
n e c es sary  p a r t i a l  d e r i v a t i v e s  o f  f ( x , y )  a t  th e  mesh p o i n t s .
Under th e  terms o f  the  c o n s t r a i n t s  5 . 1 , 1  th e  v a lu e s  o f  f ( x , y )  a t  
th e  mesh p o i n t s  are. expected  to  be g i v e n ,  t o g e t h e r  w i t h  th e  v a lu e s  
o f  f ^  a long th e  l i n e s  y=y^ ,  y=y^ , th e  v a lu e s  o f  f ^  a long th e  
l i n e s  x = x ^ , x=x^ and the  v a lu e s  o f  f ^  a t  the  f o u r  c o rn e rs  o f  R,  
In  p r a c t i c e ,  however ,  the  a p p l i c a t i o n  o f  the  b i c u b i c  s p l i n e  to  
th e  problem o f  i n t e r p o l a t i o n  would p ro b a b ly  i n v o l v e  f i t t i n g  S ( x , y )  
to  a s e t  o f  d a ta  p o i n t s  f (X j .  , y  ) i = 0 , .  * , n  , j = Q , , , . , n  w i t h o u t
any d e r i v a t i v e  v a lu e s  be ing g i v e n .  We assume here  t h a t  th e se  
v a lu e s  w i l l  be g i v e n .
We compute th e  a p p ro x im a te  v a lu e s  o f  f ^ ,  f^  and f^ ^  a t  the.
i n t e ^ a l  mesh p a i n t s  using one d im e n s io n a l  c u b i c  s p l i n e s  a long
th e  l i n e s  x=x and y=y , for. i = 1 , . .  , n -1  and j = 1 ,  . * , n - 1  .
1 J
I n  p a r t i c u l a r ,  to  compute f  _ a lo ng each l i n e  y=y . ,  we f i t  th e
J
c u b ic  s p l i n e  s ( x , y  ) to  th e  f u n c t i o n  v a lu e s  f ( x . , y . )  i = 0 , . * , n  
J J ^  J
along th e  l i n e  and th e  boundary d e r i v a t i v e s  f  ( x  , v . ) ,  f  ( x  . v
From t h i s  c u b ic  s p l i n e  we f i n d ,  by d i f f e r e n t i a t i n g  s . ( x , y . )  w i t h
r e s p e c t  to  x ,  th e  ap p ro x im a te  v a lu e s  o f  f  ( x . , y . )  i = 1 , . . , n - 1 ,
X 1 J
denoted by p^^ ,and b u i l d  up a t a b l e  o f  th es e  v a lu e s  over R .
At t h e  boundary o f  R f ^ ( x ^ , y ^ )  and f ^ ( x ^ , y  ) .
S i m i l a r l y ,  a long each l i n e  x=x^ we f i t  a one d i m e n s io n a l  c u b ic
s p l in e :  s (x  , y) to  th e  f u n c t i o n  v a lu e s  f ( x . , y . )  f o r  j = 0 , . * , n
1 J
a t  th e  mesh p a i n t s  a long t h i s  l i n e  and the  boundary d e r i v a t i v e s  
^ y ( .X i ,y o )>  f y ( X i , y n )  • From t h i s  one d im e n s io n a l  c u b i c  s p l i n e  we 
compute a p p ro x im a te  v a lu e s  o f  f y ( x ^ , . y ^ ) ,  denoted by . ,  by 
d i f f e r e n t i a t i n g  s ^ ( x ^ , y )  w i t h  r e s p e c t  to  y . We b u i l d  up a t a b l e  
o f  v a lu e s  o f  q^^ over  R,  At th e  boundary o f  R,  the  v a lu e s  o f
‘’ i o =  ^10= « ' y ( X i , y n ) en
A t  th e  mesh p o i n t s  we can compute ap p ro x im a te  v a lu e s  f o r  f  ( x v . y . V ,
xy. 1 J  ^ '
denoted by t .  . ,  F i r s t ,  along th e  l i n e s  y=y and y=y a t  the.1 J o n
boundary ,  we f i t  one d im en s io n a l  c u b ic  s p l i n e s  s ( x , y  ) and
 ^o ^Sq ( .x ,y^ )  t o  the  known v a lu e s  o f  f ^  w i th  the  known v a lu e s  o f  f
a t  the  r e l e v a n t  c o rn e rs  o f  R,  By d i f f e r e n t i a t i n g  th es e  s p l i n e s  w i t h
r e s p e c t  to  X we f i n d  v a lu e s  f o r  t .  and t .  f o r  i = 1 , . . , n - 1  ,lo  i n  ' '
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Along each l i n e  x=x^ i = 0 , , , , n we then f i t  th e  one d im e n s io n a l
c u b ic  s p l i n e  s (x  , y )  to  the  v a l u e s  o f  p.  . a t  th e  mesh p o in t s
Pj_  ^ ^ J
along th e  l i n e  and the  v a lu e s  o f  t .  and t .  a t  th e  ends o f  the10 i n
l i n e .  By d i f f e r e n t i a t i n g  s ( x ^ , y )  w i t h  r e s p e c t  to  y we f i n d
v a lu e s  f o r  t .  . j = 1 , , * ,n —1 a t  th e  mesh p o i n t s ,
 ^J
We now have t h r e e  t a b l e s  o f  v a lu e s  over th e  r e g io n  R ; p . q
2 2 i J
and t  , each w i t h  n e n t r i e s ,  and we have th e  n g iv e n  v a lu e s
^  J
o f  f  i n  R *  In  each mesh r e c t a n g l e  r . . we t h e r e f o r e  have the  
3 1 J
ne ce s sa ry  16 v a lu e s  to  form th e  r e q u i r e d  s e t  o f  16 l i n e a r  e q u a t io n s  
from which to  compute the  15 c o e f f i c i e n t s  ( c ^ ^ )  ( u = 0 , . , 3  v = 0 , , , 3 )
o f  th e  b i c u b i c  s p l i n e  5 . 1 , 1  .
5:.2 The i n t e g r a l  o f  th e  B i c u b i c  S p l i n e ,
Having found th e  v a lu e s  o f  the  then th e  a p p ro x im a te  v a lu e
f o r  t h e  i n t e g r a l
dxdy
i s E E  EE(=u)
i= o  j=o  u=o v=o
uv u+1 v+1    5 . 2 . 1
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5 . 5  The  Computer: Programma
The com puter  programme i s  w r i t t e n  to  e v a l u a t e  th e  i n t e g r a l
f ( x , y )  dxdy
on a r e c t a n g u la r  mesh x^ ^  x ^  x^ , y^ <  y 4  y^ . The progr  
i s  in  BASIC .
10 INPUT N;DIM F ( N , N ) , P ( N , N ) , Q ( N , N ) , R ( N , ^
20 DIM M( N) , FS( N) , B( N) , X( N) , Y( N ) , FD( 1 ) ( 1 ) , YM( 1 ) , CA( 1 5 )
30 DIM C B ( 1 5 ) , C # ( 1 5 )
40. INPUT X.(0),X(N^,Y(Q),Y(:N .):HX=
50 F0R IA =0T0N :X ( lA )=X(0 )+ IA*H X:Y( IA )=Y(0 )+ IA *H Y:NEXTIA
The mesh po in ts  (x .  ,y  . ) have been, a e t  up.
1 ■ J ■
50: -FOR IA =0 TON: F OR 3 A=0 TO N : X I  =X ( IA ) : YI=Y(3A ) : G0SUB.1^1G0: FS ( 3A )=F 
70 F(IA,3A)=F:NEXT3A
amme
T h is  s e t s  up th e  a r r a y  o f  v a lu e s  f ( x ^ , y ^ )  and a s e t  o f  n+1 f u n c t i o n  (  FS)
v a lu e s  a long each l i n e  x = x . .
1
. . . . . . . .  H=HY: Y,3=Y(0):G0SUB;1200:Fd C0)=FY: Y3=Y(N;)
ao G 0 S U B 1 2 Q Q : F D ( 1 ) = F Y . , . - *
T h is  g iv e s  us boundary v a lu e s  a long t h e  l i n e  x=x .
i
. . . . .  G 0 S U B 1 0 0 0 : Q ( IA ,0 ) = F D ( .0 ) ; Q ( IA ,N ) = F D ( 1 )
90 F 0 R 3 A = 1 T 0 N -1 :Q ( IA ,3 A )= (2 *M (3 A )+ M (3 A - .1 ) ) *H /5 4 - (F S C 3 A ) -F S (3 A -^ 1 ) ) /H  
100 NEXT3A:NEXTIA
S u brout ine )  10Oa computes th e  moments M^ and Q i s  th e  a r r a y  o f  
d e r i v a t i v e s  f y ( x ^ , y ^ ) .
110 F0R:3A=0T0N: Y3=Y(3A) :F0RIA=0T0f\ l: F S ( . I A ) = F ( l A , 3 A )  : NEXTIA 
120 H=HX:X I=X(0 ):G0SUB:115a:FD(0 )=FX:X I=X(N . ):G0SUE1T50::FDCl)=FX  
130 GOSUB100CI:PCo , 3 A )= F O (0 ) :P ( :N ,3A )= F D (1 ) :F O R IA = 1T O N -1  
140 P ( I A , 3 A > ( . 2 * M ( I A ) . + M C I A - 1 ) ) ^ H / 6 + ( F S ( I A ) - F S ( I A - 1 ) ) / H  
150 NEXTIA:NEXT3A
P i s  t h e  a r r a y  o f  d e r i v a t i v e s  f  ( x . , y . )  .X ' j '
160 F 0 R 3 A = 0 T 0 N ; Y 3 = Y (3 A ) :F 0 R IA = 0 T 0 N :F S ( IA ) = Q ( lA ,3 A ) : NEXTIA
170 H=HX:X I=X(0 ) :GOSU B1250:FD(o )=F 2 XY:X I=X (N) ;G OSUB 1250:FD(1 )=F2XY
180 GQSUB10Q0:R(0,3A)=FD(.0) :RCn ,3A)=FD{,1 ):FORIA=1T0N-1
190: R ( I A , 3 A ) = ( . 2 * M ( I A ) + M ( I A - 1 ) ) * h/ 5 + C F S ( I A ) - F 5 ( I A ~ 1 ) ) / h
200 NEXTIA:NEXT3A
R i s  th e  a r r a y  o f  second mixed p a r t i a l  d e r i v a t i v e s  f  ( x  . y  ) .
xy-
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In  each mesh r e c t a n g l e  x . ^  x.  , y . . ,< 'y  ^  y . we now s e t  upX— I 1 J— I J
the,  system oF 16. l i n e a r  e q u a t io n s  from which to  compute; t h e  c o e f f i c ­
i e n t s  o f  the. b i c u b i c  p o ly n o m ia l  elememt i n  t h a t  r e c t a n g l e ,
210 F0RIA=1T0N;F0R3A=1T0N
220 X M ( 0 ) = X ( I A ) : X M ( 1 ) = X ( I A - 1 ) : Y M ( 0 ) = Y ( ] A ) : Y M ( 1 ) = Y ( 3 A - 1 )
230 FOR 18=0 T 0 1 : FOR 3 8=0 T01 : FOR U=1 TO 4;  FOR V=1 TO4  
240 K = U * V + ( U - 1 ) * ( 4 - U ) - 1 : K A = I B * 2 + 3 B  
250 C ( K A , K ) = ( X M ( l B ) f ( U - 1 ) ) ^ ( Y M ( 3 B ) f ( V - 1 ) ) ; N E X T V , U  
260 C A (K A )= F ( IA - IB ,3 A -3 B ) : [ \ IE X T 3 B , IB  
270 FQRIB=0T01;F0R3B=0T01:F0RU=2T04:F0RU=1T04  
280 K = U * U + ( U - 1 ) * ( 4 - \ / ) ; K A = I B * 2 + 3 B
290 C ( K A + 4 , K ) = ( U - 1 ) * ( X M ( i a ) t ( U - 2 ) * ( Y M ( 3 B ) f ( U - 1 ) ) ; N E X T U , U  
300 C A ( K A + 4 ) = P ( IA - IB ,3 A - 3 B ) : N E X T 3 B , IB  
310 FOR IB=OT01 : FOR 3B=OT01 : FOR U=1T04: FOR V=2T04  
320 K=U^^U+(U-1)*(4-V)- .1:KA=IB-^2+3B
330 C ( K A + 8 , K ) = ( X M ( l B ) f ( U - 1 ) ) - ( V ^ 1 ) * ( Y M ( 3 B ) f ( U - 2 ) ) : N E X T U , U  
340 CA(KA+8) = q ( . IA - IB ,3 A - 3 B ) ; N E X T 3 B , IB  
350 F0RIB=0T01:F0R3B=0T01:F0RU=2T04:F0RV=2T04  
3 68: K=U*\ /+( U—1 ) "^  ( 4—U ) —1 ; K A=I B'^2+3B
370 C ( K A + 1 2 , K ) = ( U - 1 ) * ( X M ( i a ) f ( U - 2 ) ) * ( \ y - . 2 ) i ^ : ( Y M ( 3 B ) f ( U - 2 ) ) : N E X T V , U  
380 CA(KA+12)=R(lA4ia ,3A-3B):NEXT3E,IB
Next we solve th is  systenr o f 16 l in e a r  equations using Gauss e lim in a tio n  
w ith  p iv o tin g ;
390 F0RK=0T01 4 : KA=K+1 : F0RKB:=KAT016
400 IFABS(C(KB,K)  ABS(C(K,K)THENGOT0450ELSEGOT0410
410 F0RL=QT015:Ca(L)=C(KB,L):C(KB,L)=C(K,L):C(K,L)=CB(L);
420 NEXTL;CB(16)=CA(KB);CA(KB)=CA(k ) :C A (K ) = C B (1 6 )
430 ; NEXTK a  v
440 F0RKB=KAT015:CM=C(KB,K)/c (K ,K )  CM i s  th e  m u l t i p l i e r
450 FORL=KTOia:C(K B,L)=C(K B,L)-CM*-C(K ,L) :NEXTL  
#60  C A ( K B ) = C A ( K a ) - C M * C A C K ) : N E X T K B ; N E X T K  
At: t h i s  s ta g e  t h e  m a t r i x  C i s  t r i a n g u l a r  
470 C U V ( 1 5 ) = C A ( 1 5 ) / C ( i a „ 1 5 )
4ao: F 0 R K = 1 4 T 0 0 S T E P - 1 : K A = K + 1 ; F 0 R K B = K A T 0 1 5  
C A ( K ) = C A ( K ) - C ( ; K , K B ) * C U V ( K B ) ; N E X T K B  
5 0 0  CU\ / / (K)=CA(K, ) / c ( . K , K ) : NEXTK
Now t h a t  we have computed the  c o e f f i c i e n t s  o f  th e  b ic u b ic ,  s p l i n e  
elememt we can i n t e g r a t e  i n  t h a t  r e c t a n g l e .
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505 r0RI=0T0N;F0R3=0T0N:C( l ,3 )=0; iMEXT3, I  
510. F0RU=1T04:F0RV=1T04:K=U*V + (U—1 ) * ( 4 - U )
.520 S 1= C U \ / (K ) *C X ( IA )  U - X ( I A - 1 )  U ) * ( Y ( 3 A )  V - Y ( 5 A - 4 )  \ / . ) / ( U * V )  
530 SUM=SUM4.S1 : XEXIV , U; NEXT3A , IA : PR I  NTSUM; END
S u b r o u t in e  1000 computes th e  moments:. o f  th e  c u b ic  s p l i n e .
1000. A(0  ,1 )=H/3.: a ( 0 ^ 2 ) = h/ 6 ;  A(N , 0 ) = h/ 6; A(au, 1 ) = H / 5  
1010, B ( 0 ) = ( F S ( , 1 ) - F S ( 0 ) ) / h- F D ( 0 ) ; B - ( N ) = F D ( 1 ) - ( F S ( . N ) - . F S ( N ^ 1 ) ) / H  
1020 F 0 R . I D = 1 T 0 N - 1 ; A ( I D , 0 : ) = H / 6 : A ( I D , 1 ) = ( 2 * H ) / 5 ; A ( I D , 2 ) = h/ 5  
1030: B ( I D ) = ( F S ( I D + 1 ) - 2 * F S C I D ) + F S ( I D - 1 ) ) / H ; N E X T I D  .
1040. F 0 R I D = 1 T 0 N ; A ( I D , 1 ) = A ( I D , 1 ) - A ( I D , Z ) - ^ A ( I D , 0 ) / a ( I D - 1 , 1 )  
1050 B ( I D ) = B ( I D ) - B ( I D - 1 ) * a Ci D , 0 . ) / a ( I D - 1 , 1 ) : A ( I D , 0 ) = 0 : N E X T I D  
1060 M(N.:)=B.(N;)/a CN.,1);F0RID=N-1T00STEP-1  
1070 M ( I D ) = ( B ( I D ) - A ( I D , 2 ) * m C I D + 1 ) ) / a ( ID ,1 );NEXTID:RETÜRN.
1100 F= • » . . . * * » .  tRETURN Function ,  s u b r o u t in e
1150 FX= • * . . . . > *  ; RETURN f ^  s u b r o u t i n e
1200 FY= . • • . * * *  ; RET URN f  ^  s u b r o u t i n e
1250 F2XY= •»•» .  ;RETURN f  s u b r o u t i n exy
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5 .4  N u m e r ic a l  r e s u l t s
The  com puter  programme as l a i d  o u t  i n  s e c t i o n  5 .3  ta k e s  an e x c e e d in g ly  
long t im e  to  e x e c u t e . When th e  r e g io n  i s  d i v i d e d  up i n t o  o n ly  4  mesh 
r e c t a n g l e s  ( n = 2 )  i t  ta k e s  a p p r o x i m a t e l y  10 m inutes  to  compute the  
i n t e g r a l  over  th e  r e g i o n .  A d m i t t e d l y ,  n o t  much th o u g h t  went i n t o  th e  
economy o f  programming and i t  o b v i o u s l y  would h e lp  to  r e v i e w  the  
programme w i t h  t h i s  i n  mind,  b u t ,  n e v e r t h e l e s s  i t  i s  a lo n g  e x e c u t i o n  
f o r  r e s u l t s  which can be o b t a in e d  by th e  l e s s  com pl ica ted ,  methods o f  
s e c t i o n s  4 .  Ws may f i n d  a c o n s i d e r a b l e  sav ing  i n  com p u ta t io n  t i m e ,  
w i t h o u t  l o s s ,  i n  using d i f f e r e n c e  methods to  compute the  r e q u i r e d  
d e r i v a t i v e s  a t  the  mesh p o i n t s .
3 3The programme was f i r s t  t e s t e d  us ing th e  f u n c t i o n  f ( x , y ) = x  y .  I t  
gave th e  e x a c t  r e s u l t .
The f o l l o w i n g  r e s u l t s  were, o b t a i n e d  w i t h  other ,  f u n c t i o n s ;
F u n c t io n R eg ion n I n t e g r a l E x a c t  R e s u l t
s in  X s i n  y
o ^  X i r r  
o 6  y ^ i r r 2
. 0 .996-294 1 ,000000.
l / x y 1 C  X ^  2 1 ^  y 2
2 0 .4 7 9 5 0 4 0 .4 8 0 4 5 0
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5 , 5  E r r o r  Bounds for-  I n t e g r a l  Approx imat ion: using B i c u b i c  S p l in e s
Consider,  t h a  r .egian R. o f  th e  x - y  p lane
R: < x  < x ^  , y ^ <  y
over  which a f u n c t i o n  f  o f  th e  two v a r i a b l e s  x and y a r e  d e f in e d
and which, belongs th e  th e  space •* R is:  d i v i d e d  up i n t o  a
r e c t a n g u l a r  mesh by l i n e s  x=x^ , y = y .  ( i = 1 , , * , n - 1  j = l , , * , n —1)  
and f  i s  approx im a ted  to  by a b i c u b i c  s p l i n e .
I f ,  a t  t h e  corners,  o f  th e  mesh r e c t a n g l e  r ^ y  i n  a d d i t i o n  to: the
v a lu e s  o f  f ,  th e  v a lu e s  o f  f   ^ and f   ^  ^  ^  ^ can be
a c c u r a t e l y  d e te r m in e d ,  then we can f i t  th e  b i c u b i c  s p l i n e  Z ( x , y )
to  f  over. R where ,  i n  r . .
^ J
3.___ 3
ZCx^y) =  Zj. . ( x , y )  = E E
u=o v=o
and an e r r o r  bound i n  a p p r o x im a t in g  f  us ing z ^ ^ ( x , y )  i n  r_ . is: 
g iv e n  by
5 .  -
where h and h a r e  th e  len g th s ,  o f  th e  s id e s  o f  r .  . and t h e  norms 
^ y -in^J
a r e  t h e  maximum v a lu e s  i n  r .  . , ( C a r ls o n  & H a l l  ) .
The method o f  s e c t i o n  5 d o e s , h ow ever , i n t r o d u c e  a d d i t i o n a l
e r r o r s  because the  b i c u b i c  s p l i n e  c o e f f i c i e n t s :  a r e  computed using
a p p ro x im a te  v a lu e s  f o r  th e  p a r t i a l  d e r i v a t i v e s  o f  th e  f u n c t i o n  f .
On a r e g u l a r  mesh th e  e r r o r  bound f o r  th e  f i r s t  p a r t i a l  d e r i v a t i v e s
. . ■ % 
computed us ing one d im e n s io n a l  c u b ic  s p l i n e s ,  i s  o f  o r d e r  h ,
where. h=h or h=h as a p p r o p r i a t e ,  and t h e  e r r o r  bound f o r  th e
^ y 2
second mixed p a r t i a l  d e r i v a t i v e  i s  o f  o rd e r  h where h=max(h ,h  ) ,
^  y
Ue have I f  ^ ^ -  p^ |1 <  k^h^ . . . * * *  5 . 5 . 2  ( a )
-  q ! | l  . . . . . . .  5 . 5 . 2  ( b )
-  t ’ I <  k^h^ 5 , 5 . 3
p ’ , q î  and t ’ a re  the  a p p ro x im a te  v a lu e s  o f  th e  p a r t i a l  d e r i v a t i v e s -  
as computed i n  s e c t i o n  5 .1  and k^ and k as adapted  f o r  th e  
r e g u l a r  mesh from those given* by C . A , H a l l ( 7 )  , a r e
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where ,  h e r e ,  we ta k e  = max( , m+n=4 ) ,
To compute the. 16 c o e f f i c i e n t s  , o f  s ^ ^ ( x , y )  i n  r.^^ as
we do i n  5 ,1  where
we f i n d  th e  system o f  l i n e a r  e q u a t io n s  
AC=F
The m a t r i x  A c o n t a in s  th e  b i c u b i c  p o ly n o m ia l  terms. x"^y^ ( u=o , ,  ,3.
v = o , . , 3  ) ,  w i t h o u t  th e  c o e f f i c i e n t s  o f  s ^ ^ ( x , y )  and i t s :
f i r s t  and second mixed p a r t i a l  d e r i v a t i v e s  a t  th e  c o r n e r s  o f  r .
The v e c t o r  C c o n t a in s  t h e  c o e f f i c i e n t s  ( j ) w h i c h  a r e  to  be
d e t e r m in e d .  The v e c t o r  F c o n t a i n s  th e  v a lu e s  o f  f ,  p j . ,  qî  . and
t ! . a t  th e  c o rn e rs  o f  r . . ,  
i j  i j
Twelve  o f  the  e lem ents  o f  F a r e  th e  ap p ro x im a te  v a lu e s  o f  the  
p a r t i a l  d e r i v a t i v e s  o f  f .  I f  t h e  t r u e  v a lu e s  o f  the  f u n c t i o n  f  
and i t s  p a r t i a l  d e r i v a t i v e s  a t  th e  c o rn e rs  o f  r^^  a r e  h e ld  i n  
the  v e c t o r  F ’ and th e  v e c t o r  S f  c o n t a in s  th e  e r r o r  bounds f o r  
F th en
||F -  F ' ! <iSF|l
t a k i n g  th e  maxima over  r .  . . ||gFi| i s  t h e r e f o r e  eq u a l  e i t h e r  to
^ J
th e  a p p r o p r i a t e  p a r t  o f  5 , 5 , 2  or to  5 , 5 , 3  w h ichever  i s  the:
g r e a t e r ,
I f  we t a  
m a t r i x  A i s  d e f i n e d  as
mm 1
I   k e  the  m-norm o f  th e  m a t r i x  A*” , where t h e  m-norm o f  th e
| a Ï „  = ( S p q l  ) ,
then an e r r o r  bound f o r  any e le m e n t  o f  th e  v e c t o r  C ( a  bound 
f o r  th e  v a lu e  
i s
- I t
any u = 0 , . , 3  v = 0 , . , 3  ) 
ll&MI ........... ... 5 . S . 4
I t  should  be understood t h a t  t h i s  e r r o r  bound i s  a bound f o r
th e  a b s o l u t e  v a lu e  o f  th e  d i f f e r e n c e  between any two c o r res p o n d in g
members o f  two s e ts  o f  c o e f f i c i e n t s  — a t h e o r e t i c a l  s e t  (b  )
i j ' u v
which would be found i f  th e  t r u e  v a lu e s  o f  f  and i t s  p a r t i a l  
d e r i v a t i v e s  a t  th e  c o rn e rs  o f  r.^^ were known and thos e  computed
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by means o f  the  a l g o r i t h m  i n  5 , 1 ,  The. e r r o r  bound ^ *.5# 1 i s  s t a t e d
i n  th e  b e l i e f  t h a t  th e  t h e o r e t i c a l  set .  o f  c o e f f i c i e n t s  (b )
i j ^ u v
are  a c c u r a t e l y  known. To th e  e r r o r  bound 5 , 5 , 1  t h e r e f o r e ,  we 
must add a n o th e r  te r m .
We have
2 i j ( x » y )  -  Sj. j ( x , y )
L e t  T^^ be the  maximum a b s o l u t e  v a lu e  o f  any p ro d u c t  x ’^ y^ ( u = 0 , , , 3
v = 0 , , , 3 )  i n  r , . then
. ■ ^ J  -
<  V  iN .
S i n ce  : r  -  = ( f  -  z . j )  + ( z . ^ - s ^ ^ )
t  h en f  -  s . .  I < | | f  -  Z. . I I  + II z . .  -  e . .
SO t h a t , i n  r . .  ;
1 J
5
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* I»-’ ,I. • • • '5# 5» 5
I f  T^^ , IIA |^| ^ , Ils FI and th e  norms f o r  th e  p a r t i a l
d e r i v a t i v e s  a re  the  maximum t h a t  occur anywhere i n  th e  r e g io n  R,  
t h e  we f i n d  a bound f o r  ||f -  sjl i n  R i s  '5, 5 ,5  a l s o ,
A bound th en  f o r  th e  a b s o l u t e  v a lu e  o f  th e  i n t e g r a l
1 ( f  — S) dxdy i s
( f  -  S) dxdy
| s H i  ) #
3:9-
5 . 6  T h is  error ,  a n a l y s i s  i s  m a in ly  o f  t h e o r e t i c a l  i n t e r e s t  thcrugh 
i t  must- be o f  c o n s i d e r a b le  v a lu e  to  show t h a t  such, bounds e x i s t  
and can be q u a n t i f i e d .
I t  i s  i n t e r e s t i n g  to  observe  t h a t  th e  bound 5,.5.,6 c o n t a in s  the  
bound 4 , 7 . 4  w i t h i n  I t s .  terms and l e a d s  one to b e l i e v e  t h a t ,  i f  th e  
e r r o r  a n a l y s i s  o f  s e c t i o n  4 has been c o r r e c t l y  asse ss ed ,  then the  
method o f  s e c t i o n  4 ,  a p p ly in g  one d im e n s io n a l  c u b i c  s p l i n e s  to  
e v a l u a t e  double  i n t e g r a l s ,  i s  s u p e r i o r  to  t h i s  method o f  s e c t i o n  
5 where we use th e  b i c u b i c  s p l i n e .  O ther  f a c t o r s ,  such as 
c o m p u ta t io n  t i m e ,  po in t ,  to  t h i s  c o n c lu s io n  a l s o .
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6 .  CONCLUSION
A l l  the  c om puta t ions  executed  us ing  th e  methods d e s c r ib e d  here  
gave r e s u l t s  which f e l l ,  w i t h i n  t h e  expected  e r r o r  bounds. Th is
even when t h o s e  t r u n c a t i o n  e r r o r  bounds were c lo s e  to  th e  l i m i t  
o f  round o f f  e r r o r  f o r  s i x  d i g i t  a r i t h m e t i c .  The d i f f e r e n c e  
between th e  methods was m a in ly  shown to  be th e  computing t ime  
th a t ,  each method used.  The:- D i r e c t  Method o f  a p p r o x im a t in g  to  
the  i n t e g r a l  proved to be the. s p e e d i e s t .  I t .  a ls o  gave b e t te r ,  
r e s u l t s ,  th an  th e  o th e r  two methods. Using the  D i r e c t  Method, i t  
took o n ly  45. seconds to  compute th e  i n t e g r a l  o f  th e  f u n c t i o n  
f ( x , y )  = s in  x s in  y over th e  r e g io n  0 <  x <  Jtt , 0 <  y ^  
w i th  10 s u b i n t e r v a l s ,  yet. j u s t  about t w ic e  as long us ing th e  one 
d im e n s io n a l  c u b i c  s p l i n e s  o f  s e c t i o n  2,  Using th e  b i c u b i c  s p l in e ,  
o f  s e c t i o n  5 ,  w i t h  o n ly  2 s u b i n t e r v a l s ,  i t  took a p p r o x i m a t e l y  
10. m inutes  to  produce a r e s u l t .  However,  t h i s  r e s u l t  was w e l l  
w i t h i n  th e  e r r o r  bound f o r  t h a t  l e n g t h  o f  s u b d i v i s i o n .
I n  the  examples we use o n ly  r e c t a n g u l a r  r e g i o n s .  For. t h e  two 
methods o f  sectio in  4 we could  e a s i l y  program to  a p p ly  th e  methods  
to more v a r i e d  r e g io n s  w i t h  o n ly  s im p le  r e s t r i c t i o n s ,  as l a i d  
down i n  4 , 1 ,  but the  b i c u b i c  s p l i n e  would have to  be r e s t r i c t e d  
i n  a p p l i c a t i o n  to  r e g io n s  which can be s u b d iv id e d  by a r e c t a n g u l a r  
mesh,
Some o f  the  examples were computed t w ic e  — once using th e  Lagrange  
p o ly n o m ia l  to  e s t im a t e  boundary d e r i v a t i v e s  and once us ing e x a c t  
boundary d e r i v a t i v e s .  There  were no o b s e r v a b le  n e g a t i v e  e f f e c t s  
i n  the  use o f  the  L a g ra n g ia n  S p l i n e  i n  th es e  examples .
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